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DEFORMATION THEORY
FROM THE POINT OF VIEW OF FIBERED CATEGORIES
MATTIA TALPO AND ANGELO VISTOLI
Abstract. We give an exposition of the formal aspects of deformation theory
in the language of fibered categories, instead of the more traditional one of
functors. The main concepts are that of tangent space to a deformation prob-
lem, obstruction theory, versal and universal formal deformations. We include
proofs of two key results: a version of Schlessinger’s Theorem in this context,
and the Ran–Kawamata vanishing theorem for obstructions. We accompany
this with a detailed analysis of three important cases: smooth varieties, local
complete intersection subschemes and coherent sheaves.
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1. Introduction
The purpose of this article is to give an exposition of the formal aspects of
deformation theory, from the point of view of fibered categories.
Deformation theory is the infinitesimal part of the study of families of algebraic
or geometric objects. If we have some family of, say, algebraic varieties X → S
(i.e. a proper and flat finitely presented morphism) and s0 is a point of S, denote
by Sn the scheme Spec(OS,s0/mn+1s0 ) over S. Information about pullbacks Xn of X
to Sn for all n can tell us a lot about the family X (for example, it can be shown
that the subschemes Xn, with the natural embeddings Xn ⊆ Xn+1, determine the
geometric fibers in some Zariski neighborhood of s0 in S).
More generally, we can state the basic question of deformation theory as follows.
Suppose that we are given a local artinian ring A, and a geometric or algebraic
object ξ0 of some kind over its residue field k (for example, a scheme, a scheme
with a sheaf, an algebra, . . . ), what are the possible liftings (or extensions) of ξ0 to
A? By a lifting we mean an object of the same kind ξ defined over A, flat over A,
together with an isomorphism of the restriction of ξ to Spec k ⊆ SpecA with ξ0. If
ξ and η are liftings of ξ0, an isomorphism of liftings will be an isomorphism ξ ' η
inducing the identity on ξ0.
An archetypical theorem in deformation theory takes the following form. There
are three vector spaces U , V and W on k, with the following property. If A′ is a
local artinian ring with residue field k, I is an ideal of A′ such that mA′I = 0 (i.e.,
I is a k-vector space), and ξ is a lifting of ξ0 to A
def
= A′/I, then
(i) there is an element ω of I ⊗k W , such that ω = 0 if and only if the object ξ
can be lifted to A′;
(ii) if ω = 0, then the set of isomorphism classes of liftings has a natural structure
of a principal homogeneous space under the additive group I ⊗k V , and
(iii) if ξ′ is a lifting of ξ to A′, the group of automorphisms of ξ′ inducing the
identity on ξ is I ⊗k U .
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Then one can draw conclusions on the set of possible lifting of ξ0 to a local
artinian algebra B, by applying induction on n in the situation where A′ = B/mn+1B
and A = B/mnB . Thus, for example, if V = 0 (a situation that very rarely happens
in practice), we can conclude that any two liftings of ξ0 to B are isomorphic.
In all the examples we know, U , V and W are cohomology groups of the
same type, with increasing indices; for example, if X0 is a smooth variety over
k and TX0 its tangent bundle, then U = H
0(X0, TX0), V = H
1(X0, TX0) and
W = H2(X0, TX0).
Another type of result is the existence of versal deformations (a.k.a. hulls); the
main result in this direction is due to Schlessinger. Suppose that Λ is a noetherian
complete local ring with residue field k, and ξ0 is an object over k; we want to
study liftings of ξ0 to local artinian Λ-algebras. In many elementary treatments
one assumes Λ = k; however, the more general situation is not essentially harder,
and it is useful in many contexts.
Here are two typical situation where it is necessary to consider a ring Λ different
from k. Suppose we have a family of varieties X → S over a base scheme S over k,
and a rational point s0 ∈ S(k). Let Y0 be a closed subscheme of the fiber X0 over
s0. Can we deform Y0 inside the neighboring fibers? The first step would be to set
up a deformation theory problem over the ring ÔS,s0 .
Or, suppose that we have a variety X0 over a field k of positive characteristic,
and we would like to lift X0 to a field of characteristic 0. In this case, obviously
considering k-algebras will not work. The right thing to do is to take a complete
local discrete valuation ring Λ with residue field k and with quotient field of char-
acteristic 0 (for example, the ring of Witt vectors in k, if k is perfect), and try to
lift X0 to a variety over Λ. For this we need to study the deformation theory of X0
over Λ.
Schlessinger’s Theorem states that under mild hypotheses there is a noetherian
complete Λ-algebra R with residue field k, and a sequence of liftings ρn of ξ0 to
SpecRn, where Rn
def
= R/mn+1R , with an isomorphism of each ρn with the restriction
of ρn+1 (a formal object ρ over R), satisfying the following condition. Notice that a
homomorphism of Λ-algebras R→ A, where A is a local artinian Λ-algebra, induces
an object ξ over A, by factoring R → A through some Rn, and pulling back ρn
through the corresponding morphism SpecA→ SpecRn (this ξ is easily seen to be
independent of n, up to a canonical isomorphism). We require the following.
(a) If R→ A is a homomorphism of Λ-algebras, ξ is the corresponding object over
A, A′ → A is a surjection of local artinian Λ-algebras, and ξ′ is a lifting of ξ
to A′, then ξ′ is isomorphic to an object coming from a lifting R → A′ of the
given homomorphism R→ A.
(b) If ξ is a object defined over the ring of dual numbers k[], then there exists a
unique homomorphism R→ k[] inducing an object isomorphic to ξ.
The second condition is a minimality condition, ensuring that R is unique, up to a
non-canonical isomorphism. The first one says that knowing R gives a considerable
degree of control over liftings; for example, it implies that every lifting of ξ0 to any
local artinian Λ-algebra A is induced by a homomorphism R → A. Furthermore,
if ξ is a lifting of ξ0 over some A, coming from a homomorphism R → A, and
A′ → A a surjection of local artinian Λ-algebras, the existence of a lifting of ξ to
A′ is equivalent to the existence of a lifting R→ A′ of the homomorphism R→ A
(often a considerably easier problem).
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The formal object ρ over R is called a miniversal deformation, or a hull, in
Schlessinger’s terminology.
The point of view in Schlessinger’s paper, as in most of the literature, is that of
functors; that is, we consider liftings of an object ξ0 only up to isomorphism. A
somewhat more sophisticated point of view, that of fibered categories, was intro-
duced in [Rim72]; this allows to keep track of automorphisms, rather than collapsing
them as we do when passing to isomorphism classes. This makes the formalism more
elaborate; on the other hand, it captures more, and we hope to convince the reader
that in the end it leads to a simplification. Certainly the results are cleaner and, in
our opinion, more natural: for example, Schlessinger’s conditions are replaced by a
unique condition, the Rim–Schlessinger condition (Definition 2.30), that does not
distinguish between two cases. And in any case, when learning algebraic geometry
it is becoming more and more important to learn about stacks, which are particular
fibered categories; thus it could be argued that learning about deformation theory
in the same context is not unnatural, and can be advantageous.
We stress that the object of this paper is the formal theory; we give several
illustrative examples (deformation theory of schemes, subschemes and coherent
sheaves), which are fundamental, but we don’t aim at completeness. Thus, for
example, we don’t include any material on the deformation theory of maps, which
is extremely important, nor on the cotangent complex [Ill71], as this would have
increased the size of this article considerably. Also, we don’t discuss at all the
approach to deformation theory using differential graded Lie algebras. Our focus
is on the abstract formalism; hopefully the examples and applications that are
sprinkled all over will be sufficient to keep the reader awake.
We do not make any claim of originality, as all the material is very well known;
we hope that the style of the exposition, with detailed proofs of all the results,
and the content, slightly more advanced than that of [Ser06] or of [Har10], will be
sufficient to attract some readers.
Description of content. Section 2 contains our treatment of “deformation cat-
egories”; these are fibered categories over the opposite of the category of local
artinian Λ-algebras, which satisfy an analogue of Schlessinger’s condition, which
are sufficient for some of the basic constructions.
We describe Schlessinger’s setup in §2.1. We include no proofs, because we avoid
this point of view in the rest of the paper.
In §2.2 we recall the formalism of fibered categories; our reference for all the
proofs is [FGI+05, Chapter 3].
The all-important definition of a deformation category is given in §2.3. This is
a fibered category satisfying what we call the Rim–Schlessinger condition, RS for
short, which allows, in particular, to glue together objects along closed subschemes
of spectra of local artinian rings, a basic construction that will be used all the time
in the rest of our treatment.
We introduce out three basic examples in §2.4: schemes, closed subschemes and
quasi-coherent sheaves; these will accompany us all the way to the end. Here we
are content with showing that they satisfy the RS condition.
We define the tangent space to a deformation category in Section 3. The defini-
tion is in §3.1; the RS condition is used in an essential way to construct the vector
space structure. In §3.3 we prove the all-important Theorem 3.15, which shows
that the tangent space gives some control over the liftings.
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In §3.4 we compute the tangent spaces in our basic examples. We give an applica-
tion in §3.4.4: we show that any infinitesimal deformation of a smooth hypersurface
of degree d in Pn is still a hypersurface, except for n = 2, d ≥ 5 and for n = 3,
d = 4.
Section 4 is a short one. Here we discuss infinitesimal automorphisms, and
compute them in our basic examples.
In Section 5 we discuss another extremely important concept, the obstruction
theory. Contrary to the constructions of the previous sections, an obstruction
theory is not canonical, and in fact in many concrete cases the same deformation
problem has more than one obstruction theory attached to it. An obstruction
theory gives for each surjective homomorphism A′ → A of Λ-algebras, whose kernel
is a k-vector space, and every lifting ξ of ξ0 to A, an obstruction in a vector space
whose vanishing is necessary and sufficient for the existence of a lifting of ξ to A′.
Thus, the vanishing of all obstructions means that objects can always be lifted; in
this case we say that ξ0 is unobstructed.
After the definition, we show that the every obstruction theory contains a min-
imal one, which is canonical (but, unfortunately, mostly incomputable). Then we
state the Ran–Kawamata Theorem, which we prove later. This gives a general
condition for the vanishing of obstructions in characteristic 0; it implies, for exam-
ple, that smooth proper varieties with trivial canonical bundle are unobstructed in
characteristic 0.
Next, we analyze our three running examples. For the case of schemes, we con-
struct the obstruction theory in the smooth case. We state the result for generically
smooth local complete intersections, without including a proof (as far as we know
there is no really simple one). We include the famous example of Kodaira and
Spencer of a smooth obstructed projective variety.
Section 6 is the heart of the paper. We define the category of formal objects,
which is fibered over the opposite of the category of local complete noetherian
Λ-algebras with residue field k. We define the Kodaira–Spencer homomorphism,
which associates with every formal object a linear map, representing in some sense
the differential of the formal object. Then we define universal, versal and miniversal
objects, and we state and prove Schlessinger’s Theorem in our context, stating that
under very mild and natural conditions, a miniversal deformation exists. As an
application, we prove the Ran–Kawamata Theorem. We also show how a miniversal
deformation (which is unique, up to a non-unique isomorphism) determines the
dimension of the minimal obstruction space. We also give some examples.
In §6.4 we analyze the problem of algebraization of schemes; namely, we give
criteria for deciding when a formal scheme (i.e., a formal deformation, in our lan-
guage) over a complete local ring comes from an actual scheme. We also give an
example showing where this fails, even in the smooth case.
Section 7 is an extended example, meant to illustrate many of the results; we
analyze in detail the deformation theory of nodal curves. We also use deformation
theory to prove some results on the local structure of a family of nodal curves which
are commonly used in the literature.
The various appendices contain several technical results and definitions that are
used in several places in the text.
6 MATTIA TALPO AND ANGELO VISTOLI
Prerequisites. These notes assume a basic knowledge of algebraic geometry, at
the level of Hartshorne’s book [Har77]. We also assume that the reader is comfort-
able with the fundamental concepts of commutative and homological algebra. For
certain topics we assume a little more specialized knowledge, in particular concern-
ing regular sequences and local complete intersections. These topics are very well
discussed in [Mat86] (a great all around reference for commutative algebra) and
[FL85, Chapter IV].
Acknowledgements. This text is derived from the first author’s undergradu-
ate thesis (which can be found at http://etd.adm.unipi.it/theses/available/
etd-06292009-165906/), which in turn was based on notes from two courses on
moduli theory that the second author taught at the University of Bologna from
2001 to 2003. The second author would like to thank all the students that attended
the courses, and particularly Alessandro Arsie, Damiano Fulghesu and Elisa Targa,
who took the notes.
We are also grateful to Damiano for his assistance while the first author was
drafting his thesis. Part of the work on thesis was done while both authors were
visitors at MSRI; we enjoyed our stay immensely, and we are thankful for the
hospitality.
We are in debt with Ian Morrison and Gavril Farkas for the invitation to write
about deformation theory, for their interest in this work, and for their encourage-
ment.
Some random suggestions for further readings. Unfortunately, there is no
comprehensive introduction to deformation theory. Here are a few suggested refer-
ences; the list is by no means supposed to be exhaustive. For many more, here
are two good online resources: Charles Doran’s historical bibliography (http:
//www.math.columbia.edu/~doran/Hist Ann Bib.pdf) and the nLab page on
deformation theory (http://ncatlab.org/nlab/show/deformation+theory).
Two recent, very good elementary treatments, pitched at a slightly more ele-
mentary level than ours, are [Ser06] and [Har10]. The canonical reference is [Ill71],
together with its second volume [Ill72]; it is quite abstract, but very well written,
and amply rewards the patient reader. For the analytic treatment, one can consult
[Kod86].
The other references have a narrower goal. The second author learnt a lot, in
the ancient times when he was a graduate student, from [Art76], which focusses on
isolated singularities. For deformations of analytic singularities, one can profitably
consult [GLS07]. Kolla´r’s book [Kol96] contains a very complete discussion of the
deformation theory of subschemes.
For an introduction to the more modern point of view, using differential graded
Lie algebras, two good sources are [Man99] and [Man09]. An excellent exposi-
tion of the deformation theory of associative algebras, including an introduction to
Kontsevich’s theory of the deformation theory of Poisson manifolds, is in [DMZ07].
Notations and conventions. All rings will be commutative with identity, and
noetherian. If A is a local ring, mA will denote its maximal ideal.
The symbol Λ will denote a noetherian local ring, which is complete with respect
to the mΛ-adic topology, meaning that the natural homomorphism Λ→ lim←−(Λ/mnΛ)
is an isomorphism. By k we denote a (not necessarily algebraically closed) field; it
will usually be the residue field Λ/mΛ of Λ.
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We denote by (ArtΛ) the category of local artinian Λ-algebras with residue field
k. The order of an object A ∈ (ArtΛ) will be the least n such that mn+1A = 0.
Similarly (CompΛ) will be the category of noetherian local complete Λ-algebras
with residue field k.
Notice that all homomorphisms in (ArtΛ) and (CompΛ) are automatically local.
In general, if A is a local ring with residue field k, we will denote by (ArtA) the
category of local artinian A-algebras with residue field k, and by (CompA) the
category of noetherian local complete A-algebras with residue field k.
We will be dealing with the opposite categories (ArtΛ)
op and (CompΛ)
op. This
should cause no confusion regarding objects, since they are the same ones as in the
categories above. So it will be equivalent to say for example “let A be an object
of (ArtΛ)” and “let A be an object of (ArtΛ)
op”. Concerning arrows, every time A
and B are rings, the symbol A → B will always denote a genuine homomorphism
of rings, which of course becomes an arrow from B to A in the opposite category.
When we will need to refer specifically to this last arrow, we will denote it by
(A → B)op or by ϕop (if ϕ is the homomorphism A → B), and the reader should
always view it as the induced morphism of affine schemes SpecB → SpecA.
An important role will be played by the Λ-algebra k[], that is, the k-algebra
k[t]/(t2) ' k ⊕ k (the ring of dual numbers of k), where  def= [t].
A generalization of the algebra of dual numbers is the following. Given a ring
A and an A-module M , we denote by A ⊕M the A-algebra in which the product
is defined by the rule (a,m)(b, n) = (ab, an + bm). Its maximal ideal is M , and
M2 = 0. We will call this the trivial algebra structure on A⊕M .
In particular if V is a k-vector space, k ⊕ V becomes a k-algebra as well as a
Λ-algebra, by means of the map Λ→ k.
When dealing with categories, as customary we will not worry about set-theoretic
problems, so in particular the collections of objects and arrows will always be treated
as sets. A functor F : A → B will always denote a covariant functor from A to B;
a contravariant functor from A to B will be considered as a covariant functor from
the opposite category, written F : Aop → B. If A is a category, A ∈ A will mean
that A is an object of A.
We denote by (Set) the category of sets, by (ModA) (resp. (FModA)) the cate-
gory of (finitely generated) modules over the ring A, by (Vectk) (resp. (FVectk)) the
category of (finite-dimensional) k-vector spaces, by (SchS) the category of schemes
over a base scheme S. By a groupoid we mean a category in which all arrows are in-
vertible. A trivial groupoid will be a groupoid in which for any pair of objects there
is exactly one arrow from the first to the second; they are precisely the categories
that are equivalent to the category with one object and one arrow.
All schemes we will consider will be locally noetherian, and if f : X → Y is a mor-
phism of schemes, f ] : OY → f∗OX will denote the corresponding homomorphism
of sheaves. If X is a scheme, we write |X| for the underlying topological space,
and quasi-coherent OX-module as well as quasi-coherent sheaf will always mean
quasi-coherent sheaf of OX -modules. Usually, we specify the structure sheaf only
when there are different schemes with the same underlying topological space. If
x ∈ X is a point of the scheme X, we will denote by k(x) its residue field OX,x/mx.
If X is a scheme over k, the sheaf of Ka¨hler differentials ΩX/k on X coming from
the morphism X → Spec k will be denoted simply by ΩX , and we use the same
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convention with the tangent sheaf; in the same fashion, the sheaf of continuous dif-
ferentials Ω̂R/k of an object R ∈ (Compk) will be denoted by Ω̂R (see Appendix B).
Moreover by a rational point of X we always mean a k-rational point.
A pointed scheme (S, s0) over a field k will be a k-scheme S with a distinguished
rational point s0 ∈ S(k). A morphism ψ : (R, r0)→ (S, r0) of pointed schemes is a
morphism ψ : R→ S of k-schemes, carrying r0 into s0.
If X ⊆ Y is a closed immersion of schemes over a ring A, with sheaf of ideals I,
by the conormal sequence associated with this immersion we will always mean the
exact sequence of OX -modules
I/I2 // ΩY/A|X // ΩX/A // 0.
If X is a scheme over a ring A and A→ B is a ring homomorphism, we denote
by XB the base change X ×SpecA SpecB, and we will use the same notation for
pullbacks of quasi-coherent sheaves.
If U = {Ui}i∈I is an open cover of a topological space X, we will denote by Uij
the double intersection Ui ∩Uk, by Uijk the triple intersection Ui ∩Uj ∩Uk, and so
on.
By a variety we will always mean a reduced separated scheme of finite type over
the field k. A curve will be a variety of dimension 1.
2. Deformation categories
In this section we start from a geometric deformation problem, and see how it
leads naturally to a functor (the deformation functor of the problem), which is
formed by taking isomorphism classes in a category fibered in groupoids. We recall
briefly Schlessinger’s Theorem of deformation functors to motivate the introduction
of the abstract objects we will use to formalize deformations problems, that is,
deformation categories. Finally, we introduce our three illustrative examples, which
will be analyzed in detail throughout this work.
2.1. Deformation functors. We start by describing the most basic example of a
deformation problem, that of deformations of schemes.
Let X0 be a proper scheme over k; we are interested in families having a fiber
over a rational point isomorphic to X0.
Definition 2.1. A (global) deformation of X0 is a cartesian diagram of schemes
over k
X0 //

X
f

Spec k // S
where f : X → S is a flat and proper morphism, and S is connected.
Sometimes X is called the total scheme of the deformation, S the base scheme.
We denote by s0 the rational point given by the image of Spec k → S, as we call it
the base point of the deformation; this makes (S, s0) into a pointed scheme.
Notice that to give a deformation we can equivalently give a flat and proper
morphism f : X → S and an isomorphism of the fiber of f over a rational point
s0 ∈ S with X0. We will usually refer to a deformation simply as the morphism
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of schemes, leaving the rational point of S and the isomorphism with the fiber
understood.
The flatness hypothesis in Definition 2.1 is in some sense a continuity condition
(it ensures that, locally on X, the fibers do not vary too wildly). The properness
condition must be assumed when dealing with global deformations, to prevent con-
structions that are really “wrong”. In the situation above, we consider the fibers of
X → S over other rational points of S to be deformations of X0 (this is justified by
the fact, for example, that many invariants are constant under deformation). But
acts of vandalism, such as randomly deleting fibers over closed points of S different
from s0, or deleting points on such fibers, will change them in such a way that
they cannot be considered as deformations of X0, unless one wants to end up with
a completely useless notion. This problem does not arise with infinitesimal defor-
mations, because there are no other fibers, and moreover it is important to study
deformations of affine schemes with isolated singularities. Because of these reasons,
we will drop the properness assumption once we focus on infinitesimal deformations.
One can define global deformations of isolated singularities, but the definition is a
little more subtle (see [Art74]). In dealing with deformations over non-noetherian
schemes one usually asks the morphism to be also finitely presented.
Definition 2.2. An isomorphism between global deformations f : X → S and
g : Y → S of X0 with the same distinguished point s0 ∈ S is an isomorphism
of S-schemes F : X → Y , inducing the identity on X0.
Every X0 has a trivial deformation over any scheme S over k, given by the
projection X0 ×Spec k S → S, and we can take as distinguished fiber any fiber over
a rational point of S, since they are all isomorphic to X0. A deformation of X0
over S is called trivial if it is isomorphic to a trivial deformation.
Deformations over a fixed (S, s0) with isomorphisms form a category, which is a
groupoid by definition. We call this category DefglX0(S, s0).
This construction is functorial in the base space: if we are given a morphism
ψ : (R, r0) → (S, s0) of pointed schemes and a deformation f : X → S of X0, we
can form the fibered product and consider the projection R×S X → R, which is a
deformation of X0 over R.
X0 //

R×S X //

X
f

Spec k
r0 // R
ψ // S
Moreover, if we have two isomorphic deformations over (S, s0), say f : X → S and
g : Y → S with an isomorphism F : X → Y , then F induces an isomorphism
id×SF : R×S X ∼−→ R×S Y ,
and this association gives a pullback functor ψ∗ : DefglX0(S, s0)→ DefglX0(R, r0).
For a number of reasons the first step in studying deformations is considering
infinitesimal ones.
Definition 2.3. An infinitesimal deformation is a deformation such that S =
SpecA, where A ∈ (Artk), and the morphism f : X → SpecA is not necessarily
proper. A first-order deformation is an infinitesimal deformation with A = k[].
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In the case of infinitesimal deformations X and X0 have the same underlying
topological space, and what changes is only the structure sheaf. This is because
the sheaf of ideals of X0 in X is nilpotent, being the pullback of the sheaf of ideals
on SpecA corresponding to the maximal ideal of A.
We can perform the same constructions as above with infinitesimal deforma-
tions. We will denote by DefX0(A) for A ∈ (Artk) the category of infinitesimal
deformations of X0 over SpecA.
Now that we have restricted our attention to infinitesimal deformations, following
the classical approach, we define a “deformation functor” for our problem.
Definition 2.4. The deformation functor defined by X0 is the functor
DefX0 : (Artk) −→ (Set)
defined on objects by sending A to the set DefX0(A) isomorphism classes of infini-
tesimal deformations of X0 over SpecA, and sending a homomorphism ϕ : A→ B
into the function ϕ∗ : DefX0(A)→ DefX0(B) given by the pullback.
Remark 2.5. Notice that we introduced a covariant construction ϕ 7→ ϕ∗ and still
called it pullback, and not pushforward. This is because we always want to consider
(Artk)
op as a subcategory of (Schk), and from this point of view the function ϕ∗ is
the pullback ϕ˜∗ induced by the map ϕ˜ : SpecB → SpecA corresponding to ϕ.
To avoid this confusion, every time we will have a homomorphism ϕ : A → B
that induces a pullback function in some way, we will still denote it by ϕ∗, keeping
in mind that it is the pullback induced by the associated map on the spectra.
We also stress the fact that DefX0(A) is the set of isomorphism classes of a
groupoid DefX0(A), and the function ϕ∗ is the one induced by the pullback functor
we defined before, along the morphism of schemes SpecB → SpecA.
In conclusion, the study of infinitesimal deformations of a fixed scheme X0 leads
to a functor (Artk)→ (Set). With this motivation in mind, we make the following
definition.
Definition 2.6. A predeformation functor is a functor F : (Artk) → (Set), such
that F (k) is a set with one element.
The idea is of course that the element of F (k) is the object that is getting
deformed, and the elements of F (A) are (isomorphism classes of) its deformations
on SpecA. Nearly every geometric deformation problem can be formalized in this
setting; we will see some examples of how this is done.
After their introduction by Grothendieck, these functors have been studied by
Schlessinger, in [Sch68] (another exposition can be found in [Ser06, Chapter 2]).
Since we will review most of the theory using fibered categories, there is no point
in describing it in detail here. An exception is the so-called Schlessinger’s Theorem
(which is the central result of Schlessinger’s paper), which will provide a basic
condition for the fibered categories we will consider. To state the Theorem we need
a couple of definitions.
Definition 2.7. A predeformation functor is prorepresentable if it is isomorphic
to a functor of the form Homk(R,−) for some R ∈ (Compk).
Prorepresentability corresponds to the existence of what is called a universal for-
mal deformation, and is clearly a good thing to have, but it is also quite restrictive.
A substitute when prorepresentability fails is the existence of a hull, which is a
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formal deformation having a weaker universality property. Again, we will not go
into details here, because we will discuss all of this later in a more general context.
Definition 2.8. A small extension is a surjective homomorphism ϕ : A′ → A in
(Artk), such that kerϕ is annihilated by mA′ , so that it is naturally a k-vector
space. A small extension is called tiny if kerϕ is also principal and nonzero, or
equivalently if kerϕ ' k as a k-vector space.
Definition 2.9. The tangent space of a predeformation functor F is TF
def
= F (k[]).
This is of course only a set in general, but it has a canonical structure of k-vector
space if F satisfies condition (H2) below (see [Sch68]).
Let F be a predeformation functor, and suppose we are given two homomor-
phisms A′ → A and A′′ → A in (Artk). Then we can consider the fibered product
A′ ×A A′′ (notice that this is still an object of (Artk)), and we have a natural map
f : F (A′×AA′′)→ F (A′)×F (A)F (A′′) given by the universal property of the target.
Schlessinger’s condition are as follows:
(H1) f is surjective when A′ → A is a tiny extension.
(H2) f is bijective when A′ = k[] and A = k.
(H3) The tangent space TF is finite-dimensional.
(H4) f is bijective when A′ = A′′ and A′ → A is a tiny extension.
Theorem 2.10 (Schlessinger). A predeformation functor F has a hull if and only
if it satisfies (H1),(H2),(H3) above, and it is prorepresentable if and only if it also
satisfies (H4).
Conditions (H1) and (H2) are usually satisfied when dealing with functors coming
from geometric deformation problems. Because of this, a predeformation functor
satisfying (H1) and (H2) is called by some authors a deformation functor. Sch-
lessinger’s terminology is a bit different, since with “deformation functor” he means
our predeformation ones.
As we mentioned, in this paper we are not going to use the formalism of functors,
but that of categories fibered in groupoids, which we introduce next.
2.2. Categories fibered in groupoids. As we have seen, the deformation functor
of a scheme X0 is formed by taking isomorphism classes in a certain groupoid. This
is what typically happens when a geometric deformation problem is translated
into a functor. But sometimes, for example when using deformation theory to
study moduli problems, it is useful and natural to keep track of isomorphisms and
automorphisms.
This leads us to using categories fibered in groupoids instead of functors while
developing our theory. In the example introduced above, this amounts to consid-
ering a certain category, which we will denote by DefX0 , that has all infinitesimal
deformations of X0 as objects (see below for a precise definition). We have a natu-
ral forgetful functor DefX0 → (Artk)op, which makes DefX0 into a category fibered
in groupoids over (Artk)
op.
Here we recall the definitions and some basic facts about fibered categories. All
the proofs and more about the subject can be found in [FGI+05, Chapter 3].
2.2.1. First definitions. In what follows we consider two categories F and C with
a functor pF : F → C. In this context, the notation ξ 7→ T where ξ ∈ F and T ∈ C
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will mean pFξ = T (and we will sometimes say that ξ is over T ). Moreover we will
call a diagram like this
ξ
f //
_

η_

T
ϕ // S
commutative if pFf = ϕ (and we will sometimes say that f is over ϕ).
Definition 2.11. An arrow f : ξ → η of F is cartesian if the following universal
property holds: every commutative diagram
ν_

g
""h ''O
OO
O
ξ_

f
// η_

U ψ
''OO
OOO
OO
T
pFf // S
can always be filled with a dotted arrow, in a unique way.
In other words, given any two arrows g : ν → η in F and ψ : U → T in C, where
U = pFν and T = pFξ, such that pFf ◦ ψ = pFg, there exists exactly one arrow
h : ν → ξ over ψ such that f ◦ h = g.
It is very easy to see that if we have two cartesian arrows f : ξ → η and g : ν → η
in F over the same arrow of C, then there is a canonically defined isomorphism
h : ξ ' ν, coming from the universal property, and compatible with the two arrows,
meaning that g ◦ h = f .
Definition 2.12. Let C be a category. A fibered category over C is a functor
pF : F → C, such that for every object η of F and every arrow ϕ : T → pFη of C,
there exists a cartesian arrow f : ξ → η of F over ϕ.
Sometimes we will also say that F is a fibered category over C.
In the situation above we say that ξ is a pullback of η to T along the arrow ϕ.
So fibered categories are basically categories in which we can always find pullbacks
along arrows of C. The existence of some sort of pullback is a very common feature
when dealing with geometric problems, so it seems convenient to use the formalism
of fibered categories in this context.
By the remark above, pullbacks are unique, up to a unique isomorphism.
Definition 2.13. If T is an object of C, we can define a fiber category, which we
denote by F(T ): its objects are objects ξ of F such that pFξ = T , and its arrows
are arrows f : ξ → η of F such that pFf = idT .
A fibered category F → C is a category fibered in groupoids if for every object T
of C the category F(T ) is a groupoid, i.e. every arrow of F(T ) is an isomorphism.
In the following we will always use categories fibered in groupoids.
We have the following criterion to decide whether a functor F → C gives a
category fibered in groupoids.
Proposition 2.14 ([FGI+05, Chapter 3, Proposition 3.22]). Consider a functor
F → C. Then F is a category fibered in groupoids over C if and only if the following
conditions hold:
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(i) Every arrow of F is cartesian.
(ii) Given an arrow T → S of C and an object η ∈ F(S), there exists an arrow
ξ → η of F over T → S (which is automatically cartesian because of the
previous condition).
So a fibered category F → C is fibered in groupoids if and only if every arrow of
F gives a pullback.
The ambiguity in the choice of a pullback is sometimes annoying when defining
things that seem to depend on it. However, in these cases the constructions one
ends up with are independent of the choice in some way (the construction of the
pullback functors we will see shortly is an example). To avoid this annoyance, we
make the choice of a pullback of any object along any arrow once and for all.
Definition 2.15. A cleavage for a fibered category F → C is a collection of carte-
sian arrows of F , such that for every object ξ of F and every arrow T → S in C,
such that ξ ∈ F(S), there is exactly one arrow in the cleavage with target ξ and
over T → S.
We can use some appropriate version of the axiom of choice to see that every
fibered category has a cleavage. Fixing a cleavage in a fibered category is somewhat
like choosing a basis for a vector space: sometimes it is useful because it makes
things clearer and more concrete, but usually one would like to have constructions
that are independent of it.
In what follows we will always assume that we have a fixed cleavage when we are
dealing with fibered categories. If we have an arrow ϕ : T → S of C and an object
ξ ∈ F(S), we will denote the pullback given by the cleavage by ϕ∗(ξ), or ξ|T when
no confusion is possible.
Now suppose we have ϕ : T → S an arrow of C. We can define a pullback functor
ϕ∗ : F(S) → F(T ) in the following way: an object ξ goes to ϕ∗(ξ), the pullback
along ϕ, and an arrow f : ξ → η in F(S) goes to the unique arrow that fills the
commutative diagram
ϕ∗(ξ) //
_

ϕ∗(f)
##G
G
G
ξ_

f
##G
GG
GG
GG
G
ϕ∗(η)
_

// η_

T
GG
GG
GG
G // S
GG
GG
GG
G
T // S.
As with objects, when no confusion is possible we write f |T instead of ϕ∗(f).
It is very easy to see that a choice of a different cleavage will give another pullback
functor, but the two will be naturally isomorphic. From now on we will leave this
type of comment understood when doing constructions that use a cleavage.
Sending an object T of C into the category F(T ), and an arrow ϕ : T → S
into the pullback functor ϕ∗ : F(S)→ F(T ), seems to give a contravariant functor
from C to the category of categories. This is not quite correct, because it could
well happen that, if ψ : S → U is another arrow in C, the functors ϕ∗ ◦ ψ∗ and
(ψ ◦ ϕ)∗ are not equal, but only canonically isomorphic. In this case we obtain a
pseudo-functor ([FGI+05, Chapter 3, Definition 3.10]).
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Taking isomorphism classes in the fiber categories clearly fixes this problem:
given a category fibered in groupoids F → C we have a functor F : Cop → (Set)
that sends an object T of C into the set of isomorphism classes in the category
F(T ), and an arrow ϕ : T → S to the obvious pullback function ϕ∗ : F (S)→ F (T ).
Definition 2.16. We will call F the associated functor of F .
In general we cannot recover a category fibered in groupoids, up to equivalence.
from its associated functor. This is possible for categories fibered in equivalence
relations (see later in this section). See [LO09] for some other highly non-trivial
cases in which reconstruction is possible.
Example 2.17. As we will see, the categories DefX0(A) introduced above can
be put together as fiber categories of a category fibered in groupoids DefX0 →
(Artk)
op. The deformation functor DefX0 : (Artk) → (Set) is then precisely the
associated functor of this category fibered in groupoids.
2.2.2. Morphisms and equivalence. Suppose pF : F → C and pG : G → C are two
categories fibered in groupoids.
Definition 2.18. A morphism of categories fibered in groupoids from F to G is a
functor F : F → G which is base-preserving, i.e. such that pG ◦ F = pF .
Remark 2.19. If T is an object of C, the functor F will clearly induce a functor
F(T ) → G(T ) which we denote by FT . In particular F will induce a natural
transformation between the associated functors of F and G.
With this definition of morphism comes a notion of isomorphism between fibered
categories, but as it often happens when dealing with categories, this notion is too
strict.
Definition 2.20. Given two morphisms F , G : F → G, a natural transforma-
tion α : F → G is said to be base-preserving if for every object ξ of F the arrow
αξ : F (ξ)→ G(ξ) is in G(T ), where T = pF (ξ).
An isomorphism between F and G is a base-preserving natural equivalence.
Definition 2.21. Two categories fibered in groupoids F → C and G → C are said
to be equivalent if there exist two morphisms F : F → G and G : G → F , with an
isomorphism of F ◦ G with the identity functor of G and of G ◦ F with the one of
F .
In this case we will say that F is an equivalence between F and G, and that F
and G are quasi-inverse to each other.
We have a handy criterion to decide whether a morphism of fibered categories
is an equivalence.
Proposition 2.22. [FGI+05, Chapter 3, Proposition 3.36] A morphism of cate-
gories fibered in groupoids F : F → G is an equivalence if and only if FT : F(T )→
G(T ) is an equivalence for every object T of C.
2.2.3. Categories fibered in sets. A particularly simple class of fibered categories is
that of categories fibered in sets.
Definition 2.23. A category fibered in sets is a fibered category F → C such that
F(T ) is a set for any object T of C.
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Here we see a set as a category whose only arrows are the identities. The following
proposition says that in a category fibered in sets pullbacks are “strictly” (meaning
“not only up to isomorphism”) unique, and this feature characterizes them.
Proposition 2.24. [FGI+05, Chapter 3, Proposition 3.25] Let F → C be a functor.
The category F is fibered in sets over C if and only if for every arrow T → S of C
and every object ξ of F(S) there exists a unique arrow in F over T → S and with
target ξ.
Because of this uniqueness, when F → C is fibered in sets the associated pseudo-
functor is actually already a functor, which we denote by ΦF : Cop → (Set). More-
over any morphism F : F → G of categories fibered in sets over C will give a natural
transformation ϕF : ΦF → ΦG , as in Remark 2.19. This association gives a functor
from the category of categories fibered in sets over C and the category of functors
Cop → (Set).
Proposition 2.25. [FGI+05, Chapter 3, Proposition 3.26] The functor defined
above is an equivalence of categories.
We sketch briefly the inverse construction. Let F : Cop → (Set) be a functor,
and consider the following category, which we call FF : as objects take pairs (T, ξ),
where T is an object of C and ξ ∈ F (T ), while an arrow f : (T, ξ) → (S, η) will be
an arrow f : T → S such that F (f)(η) = ξ. Then FF is a category fibered in sets
over C.
Given a natural transformation α : F → G between two functors Cop → (Set),
we construct a functor Hα : FF → FG, as follows: an object (T, ξ) of FF goes to
the object (T, α(T )(ξ)) of FG, and an arrow f : (T, ξ)→ (S, η) simply goes to itself
(as an arrow f : T → S of C). It can be shown that this gives a functor, which is a
quasi-inverse to the one considered above.
Example 2.26. In particular if X is a scheme over S, we can see it as a functor
hX : (SchS)
op → (Set) (by the classical Yoneda Lemma), and also as a category
fibered in groupoids ((SchS)/X) → (SchS) (by the preceding Proposition). To
avoid this cumbersome notation we will write X for hX and also for ((SchS)/X).
Another class of simple fibered categories are the ones fibered in equivalence
relations. We say that a groupoid is an equivalence relation if for any pair of
objects there is at most one arrow from the first one to the second. Another way
to say this is that the only arrow from any object to itself is the identity.
Definition 2.27. A fibered category F → C is said to be fibered in equivalence
relations if for every object T of C the fiber category F(T ) is an equivalence relation.
The name “equivalence relation” comes from the fact that if a groupoid F is an
equivalence relation, and we call A and O its sets of arrows and objects respectively,
the map A→ O ×O that sends an arrow into the pair (source, target) is injective,
and gives an equivalence relation on the set O.
We have the following fact, which characterizes categories fibered in equivalence
relations.
Proposition 2.28. [FGI+05, Chapter 3, Proposition 3.40] A fibered category F →
C is fibered in equivalence relations if and only if it is equivalent to a category fibered
in sets.
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Because of this, sometimes categories fibered in equivalence relations are called
quasi-functors.
Now suppose that T in an object of C, and consider the comma category (C/T ),
defined as follows: its objects are arrows S → T of C with target T , and an arrow
from f : S → T to g : U → T is an arrow h : S → U of C, such that g ◦ h = f . We
have a functor (C/T )→ C that sends S → T into S, and an arrow as above to the
arrow h : S → U of C.
(C/T ) → C is a category fibered in sets: given an arrow S → U of C and an
object over U , that is, an arrow U → T , the only possible pullback to S is the
composite S → U → T . It is also easy to see that this category fibered in sets
is the one associated with the functor hT : Cop → (Set) represented by T (up to
equivalence of course).
Definition 2.29. A category fibered in groupoids F → C is called representable if
it is equivalent to a category fibered in groupoids of the form (C/T ).
Clearly if F → C is representable, then it is fibered in equivalence relations.
2.3. Fibered categories as deformation problems. Now suppose that F →
(SchS) is a category fibered in groupoids coming from a geometric deformation
problem, where S = Spec k or some other base scheme (we will see how this as-
sociation is carried out in some examples). Here the idea is that objects of the
category F(T ) are families with base scheme T , which parametrize some kind of
algebro-geometric object.
A particular role is played by the objects of F(Spec k) where k is a field over S
(i.e. with a morphism Spec k → S), which correspond, by a version of the Yoneda
Lemma for fibered categories, to morphisms of categories fibered in groupoids
Spec k → F . These morphisms, in analogy with what happens with schemes, can
be considered as “points” of the deformation problem (compare with the concept
of points of an algebraic stack, for example).
The first step in the study of a deformation problem in the form of the category
F as above is an infinitesimal study of the local geometry of F around a fixed
“point” ξ0 ∈ F(Spec k); in other words, again in analogy with the case of schemes,
one studies morphisms SpecA→ F , where A ∈ (Artk), such that the composition
Spec k → SpecA → F corresponds to the fixed object ξ0. Again by the analogue
of the Yoneda Lemma, these morphisms correspond to objects of F(SpecA).
This leads us to restricting the fibered category F → (SchS) to the full sub-
category (Artk)
op ⊆ (SchS), where k is some field over S, that is, to considering
infinitesimal deformations. Usually we will also concentrate our attention to objects
restricting to a given ξ0 over k, but it is not necessary to do so right away.
Actually, as explained in the introduction, it is sometimes useful to have a theory
for deformations over artinian algebras over a complete noetherian local ring Λ
with residue field k. So with this motivation in mind, from now on we will study
categories fibered in groupoids F → (ArtΛ)op, where Λ is as above. We will turn
back to “global” deformations only occasionally.
We stress once again that we will always identify (ArtΛ)
op with the corresponding
full subcategory of (SchΛ). From now on we will drop the notation F(SpecA) and
write simply F(A) for the fiber category of F over SpecA, and if F → (ArtΛ)op
is a category fibered in groupoids, ϕ : A′ → A a homomorphism in (ArtΛ), and
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f : ξ → η an arrow of F with ξ ∈ F(A) and η ∈ F (A′), we will say that f is over
ϕ if its image in (ArtΛ)
op is the arrow ϕop from A to A′ corresponding to ϕ.
We will also draw some strange-looking commutative diagrams like this
ξ
f //
_

η_

A A′
ϕoo
which should of course be read as
ξ
f //
_

η_

SpecA
ϕ˜ // SpecA′.
2.3.1. The Rim–Schlessinger condition. For everything that follows we need to im-
pose a very important gluing condition on a category fibered in groupoids F →
(ArtΛ)
op. Suppose that we have two homomorphisms pi′ : A′ → A, pi′′ : A′′ → A in
(ArtΛ), the second one being surjective. Consider the fibered product A
′ ×A A′′,
which is easily seen to be an object of (ArtΛ) as well. We have two pullback functors
F(A′ ×A A′′)→ F(A′) and F(A′ ×A A′′)→ F(A′′), such that the composites
F(A′ ×A A′′) // F(A′) // F(A)
and
F(A′ ×A A′′) // F(A′′) // F(A)
with the pullback functors to A are isomorphic. We get an induced functor
Φ: F(A′ ×A A′′)→ F(A′)×F(A) F(A′′)
(see Appendix C for the definition of fibered products of categories).
More explicitly, Φ sends an object ξ into (ξ|A′ , ξ|A′′ , θ) where θ : (ξ|A′)|A →
(ξ|A′′)|A is the canonical isomorphism identifying the pullbacks of ξ|A′ and ξ|A′′ to
A as pullbacks of ξ, and an arrow f : ξ → η is mapped to the pair (f |A′ , f |A′′) of
induced arrows on the pullbacks.
Definition 2.30. A category fibered in groupoids F → (ArtΛ)op satisfies the Rim–
Schlessinger condition (RS from now on) if Φ is an equivalence of categories for
every A,A′, A′′ ∈ (ArtΛ) and maps as above.
This condition, which was first formulated by D. S. Rim in [Rim72], resembles
very much Schlessinger’s, and actually implies (H1) and (H2) for the associated
functor, as is very easy to see ((H4) is a little more subtle, see Proposition 2.1.12
of [Oss05]).
Despite the fact that RS is somewhat stronger than (H1)+(H2), when one proves
that a given category fibered in groupoids (or rather its associated functor) satisfies
the latter, he or she usually proves that the category satisfies RS (or could do so
with little extra effort). Moreover all categories fibered in groupoids coming from
reasonable geometric deformation problems seem to have the stated property, so
we will take it as a starting point.
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Definition 2.31. A deformation category over Λ is a category fibered in groupoids
over (ArtΛ)
op that satisfies RS.
Deformation categories are called “homogeneous groupoids” in [Rim72], and “de-
formation stacks” in [Oss05].
From now on when we have a deformation category F → (ArtΛ)op with A,A′, A′′
artinian algebras as above, and objects ξ′ ∈ F(A′) and ξ′′ ∈ F (A′′) with a fixed
isomorphism of the pullbacks to A, we denote by {ξ′, ξ′′} an induced object over
the fibered product A′×A A′′. When the isomorphism over A or the choice of such
an object is relevant, we will be more specific.
Example 2.32. As a trivial example, we consider the category fibered in groupoids
X → (ArtΛ)op given by a scheme X over Spec Λ.
If X = SpecR is affine, for every B ∈ (ArtΛ) we have a natural bijection
X(B) ' HomΛ(R,B), and if we take A,A′, A′′ ∈ (ArtΛ) and maps as above, the
map X(A′×AA′′)→ X(A′)×X(A)X(A′′) is a bijection because of the properties of
the fibered product. When X is not affine one reduces to the affine case by noticing
that the image of the morphisms involved is a point of X, and taking an affine
neighborhood.
A morphism of deformation categories will simply be a morphism of categories
fibered in groupoids.
Given a deformation category pF : F → (ArtΛ)op and an object ξ0 over Spec k,
we can construct another deformation category Fξ0 that contains only objects of
F that restrict to ξ0 over Spec k (and in this sense are deformations of ξ0), taking
the (dual) comma category:
Objects: arrows f : ξ0 → ξ of F , or equivalently pairs (ξ, ϕ) where ξ is an
object of F and ϕ is an arrow in F(k) between ξ0 and the pullback of ξ to
Spec k.
Arrows: from f : ξ0 → ξ to g : ξ0 → η are arrows h : ξ → η of F such that
h ◦ f = g, or equivalently the arrow ξ0 → ξ0 induced by h is the identity.
We have also an obvious functor Fξ0 → (ArtΛ)op sending (ξ, ϕ) into pFξ. The
following will be useful when we have to consider deformations of a fixed object
over k.
Proposition 2.33. If F → (ArtΛ)op is a deformation category and ξ0 ∈ F(k),
then Fξ0 → (ArtΛ)op is also a deformation category.
Exercise 2.34. Prove Proposition 2.33.
2.4. Examples. Now we introduce three examples of deformation problems that
will show up systematically in the following, providing concrete examples to our
abstract constructions. In each of these examples some additional hypotheses may
be required (on the ambient scheme over Λ in the case of deformations of closed
subschemes, for example) to make things work out sometimes. We will specify these
hypotheses case by case.
Each of these examples has also a classical associated deformation functor, which
can be simply obtained by taking the associated functor of the deformation category
we will introduce for the problem.
2.4.1. Schemes. The most basic example is the one already introduced, that of
deformations of schemes without additional structure.
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Let us consider the following category fibered in groupoids, which we will denote
by Def → (ArtΛ)op:
Objects: flat morphisms of schemes X → SpecA, where A ∈ (ArtΛ).
Arrows: from X → SpecA to Y → SpecB are pairs (ϕ, f) where ϕ : B → A
is a homomorphism of Λ-algebras and f : X ' YA is an isomorphism of
schemes (recall that YA denotes the base change Y ×SpecB SpecA).
Given two arrows (ϕ, f) from X → SpecA to Y → SpecB and (ψ, g) from
Y → SpecB to Z → SpecC the composite (ψ, g)◦(ϕ, f) is (ρ, h) where ρ : C → A is
simply ϕ◦ψ, and if we call gA : YA ' (ZB)A the isomorphism induced by g : Y ' ZB
by base change, then h : X ' ZA is given by the composite
X
f−→ YA gA−→ (ZB)A ' ZA
where the last isomorphism is the canonical one.
We have a natural forgetful functor Def → (ArtΛ)op, and by the properties of
the fibered product and the way we defined arrows we see that the conditions of
Proposition 2.14 are satisfied, so that Def → (ArtΛ)op is a category fibered in
groupoids. Notice that if X0 ∈ Def(k) and A ∈ (ArtΛ), the category DefX0(A) is
exactly the one we defined at the beginning, of flat schemes over SpecA with an
isomorphism of the closed fiber with X0.
Proposition 2.35. The category fibered in groupoids Def → (ArtΛ)op is a defor-
mation category.
The proof of this is postponed to Appendix D.
In what follows we will mostly be interested in schemes of finite type. However,
if X0 is a scheme of finite type over k, it is easy to see that any lifting of X0 to any
A ∈ (ArtΛ) is of finite type over A, so we don’t need to restrict Def .
2.4.2. Closed subschemes. For our second example we want to consider, given a
closed immersion of schemes Y0 ⊆ X over k, families of subschemes of X including
the given Y0 as a fiber over a rational point.
In our setting, given a scheme X over Spec Λ, we consider the following category,
which we will denote by HilbX :
Objects: pairs (A, Y ) where A ∈ (ArtΛ) and Y is a closed subscheme of XA,
flat over A.
Arrows: from (A, Y ) to (B,Z) are homomorphisms B → A, such that the
induced closed subscheme ZA ⊆ (XB)A corresponds to Y ⊆ XA under the
canonical isomorphism (XB)A ' XA.
Composition is given by the usual composition of ring homomorphisms, and it is
easily checked that this is well defined: that is, if we have ϕ : (A, Y )→ (B,Z) and
ψ : (B,Z)→ (C,W ) arrows as above, then the composite ϕ ◦ ψ : C → A is still an
arrow in our category, i.e. the induced closed subscheme WA ⊆ (XC)A corresponds
to Y ⊆ XA with respect to the canonical isomorphism (XC)A ' XA.
We have a natural forgetful functor HilbX → (ArtΛ)op, and again by the proper-
ties of fibered products and definition of the arrows we easily see that we can apply
Proposition 2.14, so that HilbX → (ArtΛ)op is a category fibered in groupoids.
There is an important difference between this example and the previous one,
namely the fact that in HilbX arrows are uniquely determined by their image in
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(ArtΛ). This means that the associated pseudo-functor of HilbX → (ArtΛ)op is
actually a functor, and our fibered category is fibered in sets.
We will see later on that this is equivalent to saying that our deformation problem
has no non-trivial infinitesimal automorphisms (see Proposition 4.9).
The notation Hilb comes from the fact that the deformation category is the
category fibered in sets associated with the Hilbert functor, if the ambient scheme
X is quasi-projective over Λ.
Proposition 2.36. The category fibered in groupoids HilbX → (ArtΛ)op is a de-
formation category.
Exercise 2.37. Using Proposition 2.35, prove Proposition 2.36.
If Y0 ⊆ X0 = X ×Spec Λ Spec k is a closed subscheme, objects of HilbXY0 are often
called embedded (infinitesimal) deformations of Y0.
2.4.3. Quasi-coherent sheaves. For our last example, suppose we are given a quasi-
coherent sheaf E0 on a scheme X over k, and we want to consider families of
quasi-coherent sheaves on X having a fiber over a rational point isomorphic to E0.
Once again, we formulate the problem in terms of fibered categories. Given a
scheme X over Λ, we construct the category QCohX as follows:
Objects: pairs (A, E), where A ∈ (ArtΛ) and E is a quasi-coherent sheaf on
XA, flat over A.
Arrows: from (A, E) to (B,F) are pairs (ϕ, f), with ϕ : B → A a homomor-
phism and f : E ' FA an isomorphism of quasi-coherent sheaves on XA,
where FA is the pullback of F along the natural morphism XA → XB .
Composition is defined as in the first example: given (ϕ, f) : (A, E)→ (B,F) and
(ψ, g) : (B,F)→ (C,G), their composite (ψ, g) ◦ (ϕ, f) is (ρ, h), where ρ : C → A is
the usual composite ϕ ◦ ψ, and if we denote by gA : FA ' (GB)A the isomorphism
induced by g : F ' GB by base change, then h : E ' GA is given by
E f−→ FA gA−→ (GB)A ' GA
where the last isomorphism is the canonical one.
As before we have a forgetful functor QCohX → (ArtΛ)op, and by our definition
of arrows and properties of the pullback of quasi-coherent sheaves, we can use
Proposition 2.14, and so QCohX → (ArtΛ)op is a category fibered in groupoids.
Proposition 2.38. The category fibered in groupoids QCohX → (ArtΛ)op is a
deformation category.
Exercise 2.39. Prove Proposition 2.38.
3. Tangent space
This section is devoted to the introduction and study of the tangent space of a
deformation category. This concept generalizes the corresponding ones for schemes
and deformation functors.
After defining the tangent space and discussing its action on isomorphism classes
of liftings, we will calculate it in our three main examples, and give an application
to deformations of smooth hypersurfaces in Pnk .
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3.1. Definition. Let F → (ArtΛ)op be a deformation category and suppose ξ0 ∈
F(k). We start by defining the tangent space as a set.
Definition 3.1. The tangent space of F at ξ0 is the set
Tξ0F = {isomorphism classes of objects in Fξ0(k[])} .
Now we want to justify the name of tangent space, showing that there is a
canonical structure of k-vector space on Tξ0F . To do so, we consider the functor
F : (FVectk) → (Set) defined as follows: given a V ∈ (FVectk), we take the trivial
Λ-algebra k ⊕ V (where we recall that multiplication is defined by (x, v)(y, w) =
(xy, xw + yv)) and associate with V the set
F (V ) = {isomorphism classes of object in Fξ0(k ⊕ V )} .
If V → W is a k-linear map, we get a homomorphism k ⊕ V → k ⊕W , and by
pullback (in the fibered category Fξ0) an arrow F (V ) → F (W ). Clearly F (k) =
Tξ0F .
Now we notice that F has a lifting F˜ : (FVectk) → (Vectk) to the category of
k-vector spaces, so that each F (V ) (in particular F (k) = Tξ0F) will have a natural
structure of k-vector space. As shown in Appendix A, to show this it suffices to
check that F preserves finite products (Definition A.1). This follows easily from
the fact that Fξ0 → (ArtΛ)op satisfies RS, as stated in Proposition 2.33.
Exercise 3.2. Check that F preserves finite products.
We describe briefly the vector space structure that we obtain on each F (V ):
first of all F (0) has exactly one element, which is simply the isomorphism class of
the identity ξ0 → ξ0 in Fξ0(k). Moreover every V ∈ (FVectk) has a natural map
0 → V that induces F (0) → F (V ); the zero element of F (V ) is then the image of
this map. In our particular case this corresponds to the isomorphism class of the
“trivial” pullback of ξ0 along the inclusion homomorphism k → k ⊕ V .
Addition is defined by the composite
F (V )× F (V ) ' F (V ⊕ V ) F (+)−−−→ F (V )
where +: V ⊕ V → V is the addition of V . Similarly multiplication by a ∈ k is
simply F (µa) : F (V )→ F (V ), where µa : V → V is multiplication by a.
From now on we will consider F as a functor (FVectk)→ (Vectk).
Remark 3.3. Suppose we have another object η0 ∈ F(k), such that there is an
arrow f : ξ0 → η0 (which must be an isomorphism). It is clear then that f will
induce a bijection Tξ0F → Tη0F , which is an isomorphism of k-vector spaces.
So isomorphic objects over k will have isomorphic tangent spaces.
As discussed in Appendix A this canonical lifting (FVectk) → (Vectk) is a k-
linear functor, so we can apply Proposition A.6 and conclude that for every V ∈
(FVectk) we have
F (V ) ' V ⊗k F (k) = V ⊗k Tξ0F .
Example 3.4. If F → (ArtΛ)op is the category fibered in groupoids coming from
a scheme X over Λ, then one sees easily that the tangent space Tξ0F is the usual
Zariski tangent space of X at the k-rational point corresponding to ξ0 ∈ X(k).
In particular if we have a (fine) moduli spaceM representing a functor F : (SchS)
op →
(Set) (and so the corresponding deformation category satisfies RS over every point
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of M), we can get informations on the tangent space of M at a point m ∈ M by
studying that of the deformation category associated with F at the corresponding
object over the residue field k(m).
If a moduli problem has only a coarse moduli space, sometimes we can get infor-
mations about its dimension from the tangent spaces of the associated deformation
categories. More precisely, if F → (SchS) is a Deligne-Mumford stack with finite
inertia, so that it has a coarse moduli space pi : F → F , and it satisfies RS over a
point ξ0 : Spec k → F (i.e. it satisfies RS when restricted to (Artk), and considering
only deformations of ξ0), then the dimension of F at the point Spec k → F is (the
dimension of the stack F at the point ξ0, and then) at most dimk Tξ0F . If moreover
F is smooth at the point ξ0, then we have equality (see for example 6.42).
As expected, along with the concept of tangent space comes that of differential
of a morphism.
Let H : F → G be a morphism of deformation categories, and suppose ξ0 ∈ F(k).
Then we have an induced morphism Hξ0 : Fξ0 → GH(ξ0) defined in the obvious way.
If we call F , G : (FVectk)→ (Set) the two functors involved in the construction of
the tangent spaces of F at ξ0 and G at H(ξ0) respectively, Hξ0 will induce a natural
transformation ϕ : F → G.
Since F and G are k-linear functors, from Proposition A.5 we see that ϕ is
automatically k-linear. In particular ϕ(k) : F (k) −→ G(k) will be a k-linear map.
Definition 3.5. The differential of H at ξ0 is the k-linear map
dξ0H = ϕ(k) : Tξ0F → TH(ξ0)G .
Concretely, given a ∈ Tξ0F and an object ξ ∈ Fξ0(k[]) in the isomorphism class
a, the image dξ0H(a) is the isomorphism class of H(ξ) ∈ GH(ξ0)(k[]).
As one expects the differential of the composite of two morphisms of deforma-
tion categories is the composite of the differentials, as is very easy to see. More-
over if a morphism H : F → F is isomorphic to the identity, then the differential
dξ0H : Tξ0F → TH(ξ0)F is an isomorphism.
If in particular H : F → G is an equivalence, then dξ0H : Tξ0F → TH(ξ0)G is an
isomorphism too. This is because in this case H has a quasi-inverse K : G → F ,
and the composites H ◦K and K ◦H are isomorphic to the identities; this implies
that
dH(ξ0)K ◦ dξ0H : Tξ0F −→ Tξ0F
and
dξ0H ◦ dH(ξ0)K : TH(ξ0)G −→ TH(ξ0)G
are isomorphisms, and so dξ0H will be too. Here actually K(H(ξ0)) needs only to be
isomorphic to ξ0, so we use the isomorphism of Remark 3.3 to identify TK(H(ξ0))F
and Tξ0F in the composites above.
3.2. Extensions of algebras and liftings. Now we pause shortly to state some
standard facts about extensions of algebras that will be used very frequently from
now on.
Definition 3.6. Let A ∈ (ArtΛ). An extension of A is a surjection A′ → A in
(ArtΛ) with square-zero kernel I = kerϕ ⊆ A′. We also say that A′ → A is an
extension of A by I.
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An extension as above is usually pictured as the exact sequence of Λ-modules
0 // I // A′ // A // 0.
In this situation I is an A-module in a natural way: given a ∈ A and i ∈ I we take
an element a′ ∈ A′ in the preimage of a and define a · i as a′i ∈ I. This is well
defined because I2 = (0).
Example 3.7. If M is an A-module, there is a trivial extension of A by M ,
which we obtain by considering A ⊕ M as an R-algebra by the trivial algebra
structure mentioned in the introduction (the product is defined by (a,m)(a′,m′) =
(aa′, am′+a′m), so that in particular M2 = (0)). The homomorphism A⊕M → A
is the projection.
In particular if A = k is a field and M ' k, we obtain the k-algebra k[t]/(t2) '
k ⊕ k, which is the usual ring of dual numbers k[] (where  = [t]).
The following fact will be used later.
Proposition 3.8. Let A′ → A be an extension in (ArtΛ) with kernel I, B a
Λ-algebra, and f , g : B → A′ two homomorphisms of Λ-algebras such that the
composites with A′ → A coincide. Then the difference f − g : B → I is a Λ-
derivation.
Conversely, if f : B → A′ is a homomorphism of R-algebras and d : B → I is a
Λ-derivation, then the map f + d : B → A′ is a homomorphism of R-algebras such
that the composite with A′ → A coincides with B f−→ A′ → A.
The proof is easy and left to the reader.
Suppose that we have two extensions of R-algebras A′ → A and B′ → B, with
kernels I and J respectively, and a homomorphism of R-algebras ϕ : A′ → B′, such
that ϕ(I) ⊆ J . Then ϕ will induce ϕ : A → B and ϕ|I : I → J , which fit together
with ϕ in a commutative diagram.
Definition 3.9. A homomorphism between two extensions of R-algebras A′ →
A and B′ → B with kernels I and J respectively is a triplet of homomorphisms
(f, g, h), where f : I → J, g : A′ → B′, h : A→ B, such that the diagram
0 // I //
f

A′ //
g

A //
h

0
0 // J // B′ // B // 0
is commutative.
So a homomorphism ϕ as above induces a morphism (ϕ|I , ϕ, ϕ) between the two
extensions.
Definition 3.10. A splitting of an extension of R-algebras A′ → A is a homo-
morphism of R-algebras ϕ : A → A′ such that the composite A ϕ−→ A′ → A is the
identity.
Standard arguments show that an extension admits a splitting if and only if it
is isomorphic to a trivial extension.
The following type of extensions will play a particularly important role.
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Definition 3.11. An extension A′ → A in (ArtΛ) is said to be small if the kernel
I is annihilated by the maximal ideal mA′ , so that it is naturally a k-vector space.
A small extension is called tiny if I ' k as a k-vector space, or equivalently if I
is principal and nonzero.
Proposition 3.12. A surjection A′ → A in (ArtΛ) can be factored as a composite
of tiny extensions
A′ = A0 → A1 → · · · → An = A .
Exercise 3.13. Prove Proposition 3.12.
Now we come to liftings of objects of a deformation category. The idea is that
if we want to study the deformations over A ∈ (ArtΛ) of a given object over k, we
should do this inductively using the factorization of the surjection A→ k given by
the preceding Proposition to reduce to the case of small extensions.
Definition 3.14. Let F → (ArtΛ)op be a deformation category, ϕ : A′ → A a
surjection in (ArtΛ), and ξ ∈ F(A). A lifting of ξ to A′ is an arrow ξ → ξ′ over ϕ.
Equivalently, a lifting of ξ to A′ is an object ξ′ ∈ F(A′) together with an isomor-
phism of its pullback ϕ∗(ξ′) with ξ in F(A). Sometimes we will refer to a lifting
only by means of the object ξ′ over A′, leaving the arrow from ξ understood.
Generalizing the construction of the category Fξ0 , it is easy to see that given ϕ
and ξ as above, the liftings of ξ to A′ are the objects of a category Lif(ξ, A′), in
which arrows from f : ξ → ξ′ to g : ξ → ξ′′ are arrows h : ξ′ → ξ′′ of F(A) such that
h ◦ f = g. We will call Lif(ξ, A′) the set of isomorphism classes of liftings of ξ to
A′.
Both Lif(ξ, A′) and Lif(ξ, A′) clearly depend also on the homomorphism A′ →
A, but we will not specify it in the notation, since it will always be clear from the
context which homomorphism we are considering.
In the following we will make some constructions starting with an isomorphism
class [ξ′] of a lifting and possibly pick one of its elements in the process, without
mentioning that the final result will not depend on this choice (because we will be
often taking isomorphism classes again in the end).
In particular if we have an element a ∈ I ⊗k Tξ0F , we will also write a for an
object of Fξ0(k ⊕ I) belonging to the isomorphism class a.
3.3. Actions on liftings. The tangent space gives some control on the set of iso-
morphism classes of liftings of objects of F along small extensions, as the following
Theorem shows.
Theorem 3.15. Let F → (ArtΛ)op be a deformation category, A′ → A a small
extension with kernel I, and take ξ0 ∈ F(k), ξ ∈ Fξ0(A). If Lif(ξ, A′) is not empty,
then there is a free and transitive action of I ⊗k Tξ0F on it.
Proof. Let ξ → ξ′1 and ξ → ξ′2 be two liftings of ξ to A′, and notice that together
they give an object of the category F(A′)×F(A) F(A′). By RS, they give rise to a
lifting ξ → {ξ′1, ξ′2} of ξ to the fibered product A′×AA′, and this construction gives
a bijection between pairs of isomorphism classes of liftings of ξ to A′ and liftings of
ξ to A′ ×A A′.
We have an isomorphism of rings f : A′ ×A A′ ' A′ ⊕ I given by f(a1, a2) =
(a1, a2−a1), which commutes with the projections on the first factor A′. Moreover,
if we call pi : A→ k the quotient map, there is an isomorphism A′⊕I ' A′×k k⊕I,
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defined by (a, v) 7→ (a, pi(a)⊕ v), which also commutes with the projections on the
first factor, and so as before we have a bijection between the isomorphism classes
of liftings of ξ to A′ ⊕ I and pairs of isomorphism classes of liftings of ξ to A′ and
of ξ0 to k ⊕ I.
This gives a bijection Φ, defined as the composite
Lif(ξ, A′)× Lif(ξ, A′) −→ Lif(ξ, A′)× Lif(ξ0, k ⊕ I) ' Lif(ξ, A′)× (I ⊗k Tξ0F) .
By construction if pi1 : Lif(ξ, A
′) × Lif(ξ, A′) → Lif(ξ, A′) is the projection to the
first factor, then pi1 ◦Φ−1 is also the projection to the first factor Lif(ξ, A′)× (I ⊗k
Tξ0F)→ Lif(ξ, A′). Let us consider now the function
µ = pi2 ◦ Φ−1 : Lif(ξ, A′)× (I ⊗k Tξ0F) −→ Lif(ξ, A′)
where pi2 : Lif(ξ, A
′)×Lif(ξ, A′)→ Lif(ξ, A′) is the projection on the second factor.
It is easy to check that µ gives an action of I ⊗k Tξ0F on Lif(ξ, A′) (we leave the
details to the reader), and this is free and transitive since Φ is bijective. 
Remark 3.16. From now on we will drop the notation µ : Lif(ξ, A′)×(I⊗kTξ0F)→
Lif(ξ, A′) for the action, and we will simply write it by addition, as ([ξ], g) 7→ [ξ]+g.
Furthermore, if [ξ′], [ξ′′] are two isomorphism classes of liftings of ξ ∈ Fξ0(A) to
A′, where A′ → A is a small extension with kernel I, we will denote by [ξ′] − [ξ′′]
the element g ∈ I ⊗k Tξ0F such that [ξ′′] + g = [ξ′].
The following corollary is a straightforward application of Proposition 3.15, easily
proved using 3.12 and induction.
Corollary 3.17. Let F → (ArtΛ)op be a deformation category, and ξ0 ∈ F(k).
If Tξ0F = 0, then there is at most one isomorphism class in Fξ0(A), for every
A ∈ (ArtΛ).
This action has two natural functoriality properties, which we now discuss. The
first one is functoriality with respect to the small extension. Let F → (ArtΛ)op be
a deformation category, and A′ → A, B′ → B two small extensions, with kernels
I ⊆ A′ and J ⊆ B′. Suppose we also have a homomorphism ϕ : A′ → B′ such that
ϕ(I) ⊆ J , and thus inducing ϕ : A → B and ϕ|I : I → J . In other words, we have
a homomorphism of extensions
0 // I //
ϕ|I

A′ //
ϕ

A //
ϕ

0
0 // J // B′ // B // 0.
Let us also have ξ0 ∈ F(k), ξ ∈ Fξ0(A) and assume Lif(ξ, A′) is nonempty (so
that Lif(ϕ∗(ξ), B
′) is nonempty). We have a k-linear map
ϕ|I ⊗ id : I ⊗k Tξ0F −→ J ⊗k Tξ0F
(which corresponds to the pullback function Lif(ξ0, k⊕ I)→ Lif(ξ0, k⊕ J) induced
by id⊕ϕ|I), and a pullback function on isomorphism classes of liftings
ϕ∗ : Lif(ξ, A′)→ Lif(ϕ∗(ξ), B′) .
Proposition 3.18. We have
ϕ∗([ξ′] + a) = ϕ∗([ξ′]) + (ϕ|I ⊗ id)(a)
for every a ∈ I ⊗k Tξ0F and [ξ′] ∈ Lif(ξ, A′).
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Using the notation of Remark 3.16, we can equivalently say that if [ξ′], [ξ′′] ∈
Lif(ξ, A′) we have
[ϕ∗(ξ′)]− [ϕ∗(ξ′′)] = (ϕ|I ⊗ id)([ξ′]− [ξ′′]) .
Example 3.19. Suppose that F → (ArtΛ)op is a deformation category and ξ0 ∈
F(k). Set T def= Tξ0F . Consider liftings of ξ0 to artinian Λ-algebras of the form
k ⊕ V , where V is a finite-dimensional k-vector space. There is a trivial lifting ξV0 ,
coming from functoriality from the homomorphism k → k⊕V . From Theorem 3.15
we see that Lif(ξ0, k ⊕ V ) is in bijective correspondence with V ⊗k T , by applying
each element of V ⊗k T to ξV0 .
In particular, when V = T∨ we have a bijective correspondence of Lif(ξ0, k⊕T∨)
with T∨ ⊗k T ; we denote by ξ(1) a lifting of ξ0 that corresponds to the identity in
T∨ ⊗k T = Homk(T, T ). This ξ(1) is unique up to (a non unique) isomorphism; we
call it the universal first order lifting of ξ0.
This name is justified by the following universal property: for each lifting ξ of
ξ0 to an artinian k-algebra of the form k ⊕ V , then there exists a unique k-linear
homomorphism T∨ → V , such that the corresponding homomorphism of Λ-algebras
k ⊕ T∨ → k ⊕ V sends ξ(1) into a lifting of ξ0 isomorphic to ξ. This follows easily
from functoriality.
The second one is functoriality with respect to the deformation category. Let
F → (ArtΛ)op and G → (ArtΛ)op be two deformation categories with a morphism
F : F → G, A′ → A a small extension with kernel I, and let ξ0 ∈ F(k), ξ ∈ Fξ0(A).
Assume also that Lif(ξ, A′) is nonempty (so that Lif(Fξ0(ξ), A
′) is also nonempty).
There is a k-linear map
id⊗dξ0F : I ⊗k Tξ0F −→ I ⊗k TF (ξ0)G
induced by the differential dξ0F : Tξ0F → TF (ξ0)G, and we still denote by
F : Lif(ξ, A′) −→ Lif(F (ξ), A′)
the induced function on isomorphism classes of liftings.
Proposition 3.20. We have
F ([ξ′] + a) = F ([ξ′]) + (id⊗dξ0F )(a)
for every a ∈ I ⊗k Tξ0F and [ξ′] ∈ Lif(ξ, A′).
As before we can reformulate this result using the notation of Remark 3.16, and
obtain
[F (ξ′)]− [F (ξ′′)]) = (id⊗dξ0F )([ξ′]− [ξ′′])
for every [ξ′], [ξ′′] ∈ Lif(ξ, A′).
The proofs of the last two Propositions are a simple matter of drawing diagrams
and chasing pullbacks.
Exercise 3.21. Prove Propositions 3.18 and 3.20.
There is a generalization of the previous constructions, which we will need later to
state the Ran–Kawamata Theorem about vanishing of obstructions (Theorem 5.9).
Given A ∈ (ArtΛ), ξ ∈ F(A), we consider the liftings of ξ to trivial Λ-algebras A⊕M
where M ∈ (FModA) (and the homomorphism A⊕M → A is the projection).
We have a functor Fξ : (FModA)→ (Set) defined on objects by
Fξ(M) = {isomorphism classes of liftings of ξ to A⊕M}
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and sending an A-linear map M → N into the pullback function Fξ(M)→ Fξ(N).
Since F → (ArtΛ)op satisfies RS, one can readily show that the functor Fξ
preserves finite products, and so by Proposition A.3 it has a canonical lifting
(FModA)→ (ModA), which we still call Fξ. Unlike the case A = k, in the present
situation the functor Fξ need not be exact. Nevertheless, one can easily prove using
RS that it is half-exact, that is, if
0 // M ′ // M // M ′′ // 0
is an exact sequence of finitely generated A-modules, then the sequence
Fξ(M
′) // Fξ(M) // Fξ(M ′′)
is exact.
The following Proposition can be proved in the exact same way as Theorem 3.15.
Proposition 3.22. If A′ → A is a surjection in (ArtΛ) with kernel I such that
I2 = (0) (so that I is an A-module), and ξ ∈ F(A), then Lif(ξ, A′) is either empty,
or there is a free and transitive action of Fξ(I) on it.
3.4. Examples. Now we calculate the tangent space in each of the examples intro-
duced in Section 2, and give an application to infinitesimal deformations of smooth
hypersurfaces in Pnk .
3.4.1. Schemes. We first consider the deformation category Def → (ArtΛ)op cor-
responding to deformations of schemes.
Theorem 3.23. Let X0 be a reduced and generically smooth scheme of finite type
over k. There is an isomorphism (sometimes called the Kodaira–Spencer corre-
spondence)
TX0Def ' Ext1OX0 (ΩX0 ,OX0) .
Proof. Call F : (FVectk)→ (Set) the functor defined on objects by
F (V ) = {isomorphism classes of objects in DefX0(k ⊕ V )}
and that sends a k-linear map V → W into the pullback function F (V )→ F (W ).
We need to construct a functorial bijection
F (V ) ' V ⊗k Ext1OX0 (ΩX0 ,OX0)
that will give a k-linear natural isomorphism between the functors F and − ⊗k
Ext1OX0 (ΩX0 ,OX0), so in particular we will get an isomorphism
TX0Def = F (k) ' Ext1OX0 (ΩX0 ,OX0) .
We sketch briefly the main steps of the construction.
First of all we define a function
ϕV : F (V ) −→ V ⊗k Ext1OX0 (ΩX0 ,OX0) .
Take an object X ∈ DefX0(k⊕ V ), which is a flat scheme of finite type over k⊕ V
with an isomorphism
X ×Spec k⊕V Spec k ' X0
(in particular OX ⊗k⊕V k ' OX0), and consider the conormal sequence of X0 ⊆ X
V ⊗k OX0 d // ΩX |X0 // ΩX0 // 0
28 MATTIA TALPO AND ANGELO VISTOLI
where d is the homomorphism induced by the universal derivation OX → ΩX , and
we identify V ⊗k OX0 with the sheaf of ideals of X0 in X. Using the fact that X0
is generically smooth and reduced one sees that in this case d is injective, and so
we have an exact sequence of OX0 -modules
0 // V ⊗k OX0 // ΩX |X0 // ΩX0 // 0
whose isomorphism class in an element of V ⊗k Ext1OX0 (ΩX0 ,OX0). It is also clear
that isomorphic objects of DefX0(k⊕V ) will give isomorphic extensions, and so we
have our function
ϕV : F (V )→ V ⊗k Ext1OX0 (ΩX0 ,OX0) .
Now we construct a function
ψV : V ⊗k Ext1OX0 (ΩX0 ,OX0)→ F (V )
in the other direction. We start then with an element of Ext1OX0 (ΩX0 , V ⊗k OX0),
represented by an extension
0 // V ⊗k OX0 // E
f // ΩX0 // 0
of OX0-modules. We define then a sheaf O(E) on |X| by
O(E) = OX0 ×ΩX0 E ⊆ OX0 ⊕ E
where the morphism OX0 → ΩX0 is the universal derivation d0.
This is a priori only a sheaf of k-vector spaces, but one can see that O(E) has
a natural structure of sheaf of (flat) k ⊕ V -algebras. Moreover its stalks are local
rings, so that X(E) = (|X0|,O(E)) is a locally ringed space, and it is a scheme
(flat over k ⊕ V ), because if U = SpecA is an open affine subscheme of X0, then
(U,O(E)|U ) is isomorphic to Spec(A×ΩA E(U)).
We note now that X(E) ×Spec k⊕V Spec k ' X0, and that this construction is
independent (up to isomorphism) of the representative chosen for the element of
Ext1OX0 (ΩX0 , V ⊗k OX0), so we get a function
ψV : V ⊗k Ext1OX0 (ΩX0 ,OX0) −→ F (V ) .
To complete the proof, we leave it to the reader to check that ϕV and ψV are
inverse to each other, and that ϕV is functorial in V , or in other words, given a
k-linear map f : V →W , the diagram
F (V )
ϕV //
(id⊕f)∗

V ⊗k Ext1OX0 (ΩX0 ,OX0)
f⊗id

F (W )
ϕW // W ⊗k Ext1OX0 (ΩX0 ,OX0)
is commutative. 
Given ξ ∈ Fξ0(k[]), the element of Ext1OX0 (ΩX0 ,OX0) associated with ξ is some-
times called its Kodaira–Spencer class, from the names of the two mathematicians
who first studied the deformation theory of complex manifolds.
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Remark 3.24. If X0 is also smooth over k, then the tangent space TX0Def is
isomorphic to Ext1OX0 (ΩX0 ,OX0) ' H1(X0, TX0), where TX0 = Ω∨X0 is the tangent
sheaf of X0.
In particular we see that every first-order deformation of a smooth and affine
variety X0 is trivial, because in this case H
1(X0, TX0) vanishes. So smooth affine
varieties are rigid, in the sense that they do not have any non-trivial first-order
deformation.
In the general case, in which X0 is not necessarily reduced and generically
smooth, one has to resort to the cotangent complex LX0/k associated with the
structure morphism X0 → Spec k; the general result, which can be found in [Ill71,
III, 2.1.7], states that there is a canonical isomorphism
TX0Def ' Ext1OX0 (LX0/k,OX0) .
This implies Theorem 3.23, since if X0 is reduced and generically smooth the cotan-
gent complex is the sheaf ΩX0 .
Exercise 3.25. A simple example in which one can calculate the Kodaira–Spencer
correspondence explicitly is that of hypersurfaces in Ank . Take a hypersurface X0 =
SpecA ⊆ Ank , where A = k[x1, . . . , xn]/(f).
(i) Show that Ext1OX0 (ΩX0 ,OX0) ' k[x1, . . . , xn]/(f, ∂f/∂x1, . . . , ∂f/∂xn).
(ii) Show that if X ∈ DefX0(k[]), then X ' Spec(k[][x1, . . . , xn]/(f + g)) for
some g ∈ k[x1, . . . , xn].
(iii) Show that the Kodaira–Spencer class of X in TX0Def ' Ext1OX0 (ΩX0 ,OX0)
is the class of g in k[x1, . . . , xn]/(f, ∂f/∂x1, . . . , ∂f/∂xn).
3.4.2. Smooth varieties. Now suppose X0 is a smooth variety over k. We describe
the isomorphism
TX0Def ' Ext1OX0 (ΩX0 ,OX0) ' H
1(X0, TX0)
in a more explicit way, using Cˇech cohomology.
Consider an object X ∈ DefX0(k[]) and take an open affine cover U = {Ui}i∈I of
X0. Because of Remark 3.24, the induced deformation X|Ui of Ui is trivial for every
index i, and from this we get a collection {θi}i∈I of isomorphisms of deformations
θi : Ui ×Spec k Spec k[]→ X|Ui .
Now set θij
def
= (θi|Uij )−1 ◦ (θj |Uij ); the θij are automorphisms of the trivial defor-
mations Uij ×Spec k Spec k[] that restrict to the identity on the closed fiber Uij .
Now we need to use results from Section 4. Precisely, it follows from Proposi-
tion 4.10 that there is an isomorphism between the group of automorphisms of the
deformation Uij ×Spec k Spec k[] of Uij that induce the identity on the closed fiber,
and the group Derk(Bij , Bij) = Γ(Uij , TX0), where Uij = SpecBij .
Using this, for each θij we get an associated element dij ∈ Γ(Uij , TX0). Further-
more, on Uijk we have for each triplet of indices the cocycle condition
θij ◦ θjk = θik
on automorphisms, which translates into the relation dij + djk − dik = 0. This in
turn says that the family {dij}i,j∈I is a Cˇech 1-cocycle for TX0 , and so defines an
element [{dij}i,j∈I ] of Hˇ1(U , TX0) ' H1(X0, TX0).
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We it leave to the reader to check that this element does not depend on the open
affine cover U , and that isomorphic deformations give the same cohomology class.
One can also check that this construction gives the same element one gets by using
Theorem 3.23 and the canonical isomorphism Ext1OX0 (ΩX0 ,OX0) ' H1(X0, TX0).
The inverse function is defined as follows: given an element of H1(X0, TX0), we
can represent it as a 1-cocycle {dij}i,j∈I for some open affine cover U = {Ui}i∈I
of X0. The dij correspond to automorphisms of the trivial deformation Uij ×Spec k
Spec k[], and the cocycle condition says exactly that these automorphisms can
be used to glue the schemes Ui ×Spec k Spec k[] along the subschemes Uij ×Spec k
Spec k[], to get a flat scheme X over k[]. It is easy to see that this construction
does not depend (up to isomorphism) on the affine cover, and on the cocycle we
choose in the cohomology class. Finally it is clear that the two constructions are
inverse to each other, so we have the bijection above.
3.4.3. Closed subschemes. Next we consider the case of deformations of closed sub-
schemes. Given an object of HilbX(k), i.e. a closed subscheme Z0 ⊆ X0 =
X ×Spec Λ Spec k, call I0 the ideal sheaf of Z0 in X0, and consider the normal
sheaf N0 def= Hom(I0/I20 ,OZ0).
Theorem 3.26. There is an isomorphism
TZ0HilbX ' H0(Z0,N0) = HomOZ0 (I0/I20 ,OZ0) .
Proof. We consider the functor F : (FVectk)→ (Set) defined on objects by
F (V ) = {objects in HilbXZ0(k ⊕ V )}
and sending a k-linear map V →W into the associated pullback function F (V )→
F (W ). We will construct a functorial bijection
F (V ) ' V ⊗k HomOX0 (I0,OZ0)
that will give a k-linear natural transformation, and in particular an isomorphism
TZ0HilbX = F (k) ' HomOX0 (I0,OZ0)
(notice that HomOX0 (I0,OZ0) ' HomOZ0 (I0/I20 ,OZ0)).
Let us define a function
ϕV : F (V ) −→ V ⊗k HomOX0 (I0,OZ0) .
Take an object Z ∈ HilbXZ0(k ⊕ V ), that is, a closed subscheme Z ⊆ XV , where
XV = X0 ×Spec k Spec(k⊕ V ) is the trivial deformation of X0 over k⊕ V , which is
flat over k⊕ V , and whose restriction to X0 is Z0; call I ⊆ OXV its sheaf of ideals.
By tensoring the exact sequence of k ⊕ V -modules
0 // V // k ⊕ V // k // 0
with OZ and OXV , and
0 // I // OXV // OZ // 0
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with k, we get a commutative diagram of OXV -modules
(3.27) 0

0

I //

I0 //
i

0
0 // V ⊗k OX0 //

OXV
q

pX
// OX0 //
q0

σuu
0
0 // V ⊗k OZ0 // OZ pZ //

OZ0 //

0
0 0
with exact rows and columns (by flatness). Since
OXV ' OX0 ⊗k k ⊕ V ' OX0 ⊕ (V ⊗k OX0)
as an OX0-module, the map pX has an OX0 -linear section, which we call σ, simply
defined by σ(s) = (s, 0), where s is a section of OX0 .
The composite
f : I0
i−→ OX0 σ−→ OXV q−→ OZ
factors through V ⊗k OZ0 → OZ , so we have an OX0-linear morphism I0 → V ⊗k
OZ0 , which is then an element of HomOX0 (I0, V ⊗kOZ0) ' V ⊗kHomOX0 (I0,OZ0).
This gives us a function
F (V ) −→ V ⊗k HomOX0 (I0,OZ0)
that we call ϕV .
Now we define a function in the other direction. Take a homomorphism of OX0 -
modules f : I0 → V ⊗k OZ0 , and consider the subsheaf If of OXV ' OX0 ⊕ (V ⊗k
OX0) given on an open subset U of |XV | by
If (U) = {(s, t) ∈ OXV (U) : s ∈ I0(U) ⊆ OX0(U) and f(s) + (id⊗q0)(t) = 0} .
where q0 : OX0 → OZ0 is the quotient map.
It is easy to check that If is a coherent sheaf of ideals of OXV , and so it defines
a closed subscheme of XV that we call Zf ⊆ XV . Furthermore we have that
Zf ×Spec k⊕V Spec k ⊆ XV ×Spec k⊕V Spec k ' X0
is the closed subscheme Z0 and Zf is flat over k ⊕ V . We only check the last
assertion in detail: using the local flatness criterion (Theorem C.4), we have to
show that Tork⊕V1 (OZ , k) = 0.
We have an exact sequence of OXV -modules
0 // If // OXV // OZ // 0
from which, taking the Tor exact sequence (tensoring with k), we get
Tork⊕V1 (OXV , k) // Tork⊕V1 (OZ , k) // If ⊗k⊕V k // OX0 // OZ0 // 0.
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Since XV is flat over k⊕ V we have Tork⊕V1 (OXV , k) = 0, so we only need to show
that the map If ⊗k⊕V k → I0 ⊆ OX0 is injective, and this is clear.
This gives us a function
V ⊗k HomOX0 (I0,OZ0) −→ F (V )
that we call ψV .
To conclude the proof, easy verifications show that ϕV and ψV are inverse to
each other, and that ϕV is functorial in V (the reader can check the details). 
3.4.4. Smooth hypersurfaces in Pnk . We give an application of the previous construc-
tions to deformations of smooth hypersurfaces of Pnk . Take Λ = k, and suppose we
have a smooth hypersurface Z0 ⊆ Pnk of degree d, with n ≥ 2, d ≥ 1.
We can ask the following question: given a deformation Z of Z0 over SpecA,
where A ∈ (Artk), can we find a closed immersion Z ⊆ PnA that extends Z0 ⊆ Pnk?
Or more concisely: is every infinitesimal deformation of Z0 embedded?
We can rephrase this question by using the forgetful morphism F : HilbPnk → Def
that sends an object Y ⊆ PnA of HilbP
n
k (A) into the flat morphism Y → SpecA,
which is an object of Def(A), and acts on the arrows in the obvious way. The
question above reads: is F (restricted to deformations of Z0) essentially surjective?
We can consider first the case of deformations over algebras of the form k⊕V for
V ∈ (FVectk). The existence of an immersion as above for every deformation of Z0
over every k ⊕ V is equivalent to the surjectivity of the differential of the forgetful
morphism at Z0
dZ0F : H
0(Z0,N0) −→ H1(Z0, TZ0),
since HilbPnkZ0(k ⊕ V ) ' V ⊗k TZ0HilbP
n
k and analogously for Def .
Now notice that the conormal sequence
0 // I0/I20
d // ΩPnk |Z0 // ΩZ0 // 0
induced by the closed immersion Z0 ⊆ Pnk (with sheaf of ideals I0) is also exact on
the left (since Z0 is smooth), and dualizing it we get the exact sequence
0 // TZ0 // TX0 |Z0 // N0 // 0.
Taking cohomology we get a coboundary map δ : H0(Z0,N0)→ H1(Z0, TZ0).
Exercise 3.28. Show that the differential dZ0F of the forgetful morphism coincides
with the map δ.
Now we can study the surjectivity of the map δ, using standard cohomology
calculations.
Proposition 3.29. The map δ is surjective exactly in the following cases:
• n = 2, d ≤ 4.
• n = 3, d 6= 4.
• n ≥ 4, any d.
Remark 3.30. Of course, from a more advanced point of view than the one we are
assuming in these notes, the exceptions n = 2, d ≥ 5 and n = 3, d = 4 are easily
justified.
In the first case we are dealing with curves of genus g = (d − 1)(d − 2)/2 ≥ 6;
these curves have a moduli space of dimension 3g − 3, while plane curves form a
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locally closed subspace of dimension (d2 +3d−16)/2, which is smaller; thus a plane
curve will have non-plane deformations.
Quartics in P3, on the other hand, are K3 surfaces, which are well known to
have a 20-dimensional deformation space, while the ones who are algebraic of fixed
genus only form an 19-dimensional family.
Proof. We start with a piece of the cohomology exact sequence
(3.31) H0(Z0,N0) δ // H1(Z0, TZ0) // H1(Z0, TPnk |Z0) // H1(Z0,N0)
induced by the dual of the conormal sequence of Z0 ⊆ Pnk .
The first step is to prove
Lemma 3.32. coker(δ) ' H2(Pnk , TPnk (−d)).
Proof. First, we notice that H1(Z0,N0) = 0. This is because N0 ' OZ0(d) (since
I0 ' OPnk (−d)), and H1(Pnk ,OPnk (d)) = H2(Pnk ,OPnk ) = 0, so from the cohomology
exact sequence induced by
0 // OPnk
f · // OPnk (d) // OZ0(d) // 0
where f is an equation for Z0, we get H
1(Z0,N0) = H1(Pnk ,N0) = 0 (because N0
has support contained in Z0).
From (3.31) we deduce then that coker(δ) ' H1(Z0, TPnk |Z0), which is the same
as H1(Pnk , TPnk |Z0), again because TPnk |Z0 has support contained in Z0.
Tensoring the exact sequence
0 // OPnk (−d)
f · // OPnk // OZ0 // 0
with TPnk we get
(3.33) 0 // TPnk (−d) // TPnk // TPnk |Z0 // 0.
Now we notice that Hi(Pnk , TPnk ) = 0 for i ≥ 1: this follows from Hi(Pnk ,OPnk ) =
Hi(Pnk ,OPnk (1)) = 0, using the cohomology exact sequence coming from the dual of
the Euler sequence
0 // OPnk // OPnk (1)⊕(n+1) // TPnk // 0.
From (3.33) we get an isomorphism
H1(Pnk , TPnk |Z0) ' H2(Pnk , TPnk (−d)). 
To understand H2(Pnk , TPnk (−d)), we consider the exact sequence
0 // OPnk (−d) // OPnk (1− d)⊕(n+1) // TPnk (−d) // 0
obtained by twisting the dual of the Euler sequence by OPnk (−d), and the following
piece of its cohomology exact sequence
(3.34) H2(Pnk ,OPnk (−d)) // H2(Pnk ,OPnk (1− d))n+1 // H2(Pnk , TPnk (−d))
qqdddddddd
dddddddd
dddddddd
ddddd
H3(Pnk ,OPnk (−d)) // H3(Pnk ,OPnk (1− d))n+1.
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Now suppose n ≥ 4. In this case we have
H2(Pnk ,OPnk (1− d))n+1 = H3(Pnk ,OPnk (−d)) = 0
and then from (3.34) we obtain coker(δ) ' H2(Pnk , TPnk (−d)) = 0, so that δ is
surjective.
Now take n = 2. Then we have H3(P2k,OP2k(−d)) = 0 and so again from (3.34)
we get
H2(P2k, TP2k(−d)) ' coker
(
H2(P2k,OP2k(−d))
ϕ−→ H2(P2k,OP2k(1− d))
3
)
where the map ϕ is induced by
OP2k(−d) −→ OP2k(1− d)⊕3
f 7−→ f
x0x1
x2

where the xi’s are homogeneous coordinates on P2k (seen as sections of the sheaf
OP2k(1) of course).
By Serre’s duality we see that H2(P2k,OP2k(−d)) ' H0(P2k,OP2k(d − 3))∨ and
H2(P2k,OP2k(1− d)) ' H0(P2k,OP2k(d− 4))∨, and the adjoint map
H0(P2k,OP2k(d− 4))
3 ϕ
∨
−→ H0(P2k,OP2k(d− 3))
is given by scalar multiplication by the vector (x0, x1, x2).
Now cokerϕ ' kerϕ∨. If d ≤ 3 the source of ϕ∨ is trivial, so certainly kerϕ∨ = 0.
If d = 4, we have H0(P2k,OP2k(d− 4)) ' k, and the map ϕ∨ is injective, because the
sections x0, x1, x2 are linearly independent over OP2k , so that δ is surjective. On the
other hand when d ≥ 5 clearly ϕ∨ is it not injective anymore, and so δ will not be
surjective.
Now suppose that n = 3. Then H2(P2k,OP2k(−d)) = 0, and using (3.34) once
again we get
H2(Pnk , TP2k(−d)) ' ker
(
H3(P3k,OP3k(−d))
ϕ−→ H3(P3k,OP3k(1− d))
4
)
where ϕ is the analogue of the one we had in the preceding case. Again using Serre’s
duality we have to study
coker
(
H0(P3k,OP3k(d− 5))
4 ϕ
∨
−→ H0(P3k,OP3k(d− 4))
)
.
If d ≤ 3 the target is trivial, so that certainly coker(ϕ∨) = 0, and if d ≥ 5 the
map ϕ∨ is surjective, because every homogeneous polynomial of positive degree in
variables x0, x1, x2, x3 can be written as a linear combination of the variables xi’s,
with homogeneous polynomials of one degree less as coefficients. In these cases then
δ will be surjective.
The only case in which ϕ∨ is not surjective (and so δ will not be too) is d = 4,
when the source is trivial and the target is not. 
We will examine the case n = 3, d = 4 further in Section 6, where it will give a
counterexample to algebraizability of deformations of surfaces.
Now we go back to answering the first question we posed. We use the following
result, which will be proved in Section 5, page 53.
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Proposition 3.35. If Z0 is a smooth hypersurface of Pnk of degree d, with n ≥ 1
and d ≥ 1, any object Z ⊆ PnA of HilbP
n
k
Z0
(A) can be lifted along any small extension
A′ → A.
We say that smooth hypersurfaces in Pnk have unobstructed embedded deforma-
tions.
Proposition 3.36. Let Z0 be a smooth hypersurface of Pnk of degree d ≥ 1 and
with n ≥ 2, and Z an object of DefZ0(A), where A ∈ (Artk). Then there is a closed
immersion Z ⊆ PnA inducing Z0 ⊆ Pnk in all cases except n = 2, d ≥ 5 and n = 3,
d = 4.
In other words the forgetful morphism F : HilbPnkZ0 → DefZ0 is essentially surjec-
tive exactly in the cases above.
Proof. We already know from the preceding discussion that in cases n = 2, d ≥ 5
and n = 3, d = 4 there are counterexamples.
Suppose then that we are not in one of the cases above, and take the given
Z ∈ DefZ0(A). We consider a factorization of the homomorphism A → k as a
composite of small extensions
A = A0 → A1 → . . .→ An = k .
and proceed by induction on n(A), the least n with such a factorization.
If n(A) = 0 there is nothing to prove. Suppose we know the result for n(A)− 1,
and consider the extension A→ A1 with kernel I. The pullback Z|A1 ∈ DefZ0(A1)
of Z to A1 admits then a closed immersion Z|A1 ⊆ PnA1 because of the induction
hypothesis.
From the discussion above we also know that the differential of the forgetful
morphism dZ0F : TZ0HilbP
n
k → TZ0Def is surjective, and in particular
id⊗dZ0F : I ⊗k TZ0HilbP
n
k −→ I ⊗k TZ0Def
will be surjective too.
Because of Proposition 3.35 we can find a lifting Z ′ ⊆ PnA of Z|A1 ⊆ PnA1 to
A; both Lif(Z|A1 , A) and Lif(ZA1 ⊆ PnA1 , A) will then be nonempty, and by Theo-
rem 3.15 we have free and transitive actions on them, respectively of I ⊗k TZ0Def
and I ⊗k TZ0HilbP
n
k .
The object Z ′ ∈ DefZ0(A) is a lifting of Z|A1 , as is Z, so by transitivity of the
action we have an element g ∈ I ⊗k TZ0Def such that [Z ′] + g = [Z]; take then
h ∈ I ⊗k TZ0HilbP
n
k such that (id⊗dZ0F )(h) = g.
Then using Proposition 3.20 we have
F ((Z ′ ⊆ PnA) + h) = [Z ′] + (id⊗dZ0F )(h) = [Z ′] + g = [Z] .
In other words the object (Z ′ ⊆ PnA) + h is (after possibly composing with an
isomorphism of schemes over SpecA) a closed immersion Z ⊆ PnA that induces
Z0 ⊆ Pnk on the closed fiber, which is what we were looking for. 
The only things we really used in this proof were surjectivity of the differential
and existence of liftings in the source deformation category. Every time these two
facts hold in an abstract setting we can repeat the same argument to deduce that
every object of the target deformation category is isomorphic to the image of an
object of the source.
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3.4.5. Quasi-coherent sheaves. Now suppose X is a scheme over Spec Λ, and con-
sider the deformation category QCohX → (ArtΛ)op of deformations of quasi-coher-
ent sheaves on X. Let E0 ∈ QCohX(k).
Proposition 3.37. There is an isomorphism
TE0QCohX ' Ext1OX0 (E0, E0) .
Proof. Consider the functor F : (FVectk)→ (Set) defined on objects by
F (V ) = {isomorphism classes of objects in QCohXE0(k ⊕ V )}
and sending a k-linear map f : V → W into the corresponding pullback function
F (V )→ F (W ). We show that there is a functorial bijection
F (V ) ' V ⊗k Ext1OX0 (E0, E0)
that will give as usual a k-linear natural transformation, and in particular an iso-
morphism
TE0QCohX = F (k) ' Ext1OX0 (E0, E0) .
To show this, the reader can check that the category QCohXE0(k ⊕ V ) of quasi-
coherent OXV -modules E on XV = X0 ×Spec k Spec k ⊕ V with an isomorphism
E ⊗k⊕V k ' E0, is equivalent to the category whose objects are extensions of quasi-
coherent OX0-modules
0 // V ⊗k E0 // E // E0 // 0
and arrows defined in the obvious way. This automatically gives us the bijection
ϕV we want by taking isomorphism classes.
To conclude the proof, all is left is to show that ϕV is functorial in V , which we
leave to the reader as usual. 
In particular if E0 is locally free, then we have
TE0QCohX ' Ext1OX0 (E0, E0) ' H
1(X0, EndOX0 (E0))
and moreover if E0 is invertible, then EndOX0 (E0) ' E0 ⊗OX0 (E0)∨ ' OX0 , so that
TE0QCohX ' H1(X0,OX0)
which does not depend on E0. This particular case is more easily proved from the
long cohomology sequence of the exact sequence of sheaves on X0
1 // V ⊗k OX0
f 7→1+f // O∗XV // O∗X0 // 0 .
4. Infinitesimal automorphisms
In this section we introduce and discuss the so-called group (or space) of infin-
itesimal automorphisms of a deformation category at an object ξ0 ∈ F(k), which
is a feature we see only if we use categories instead of functors. It is particularly
significant in the context of algebraic stacks, where wether the objects have or do
not have non-trivial infinitesimal automorphisms determines if the stack is an Artin
or a Deligne-Mumford stack; this is because there are non-trivial infinitesimal au-
tomorphisms if and only if the diagonal of the stack is ramified, and an algebraic
stack is Deligne-Mumford if and only if its diagonal is unramified (see [LMB00,
The´ore`me 8.1]).
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We will see that this space gives a measure of the “rigidity” of a deformation
problem, and tells us how far our deformation category is from its corresponding
deformation functor. After the definition, we will examine some of its properties,
and finally calculate it in some examples.
4.1. The group of infinitesimal automorphisms. Suppose F → (ArtΛ)op is a
deformation category, and ϕ : A′ → A is a small extension. Fix ξ ∈ F(A), and let
ξ′ ∈ F(A′) be a lifting of ξ to A′. We denote by AutA(ξ) the set of automorphisms
of the object ξ in the category F(A), and analogously for ξ′. Recall that ϕ induces a
pullback functor ϕ∗ : F(A′)→ F(A). In particular we have a “restriction” function
AutA′(ξ
′)→ AutA(ξ), which is a homomorphism of groups.
Definition 4.1. An infinitesimal automorphism of ξ′ (with respect to ξ) is an
automorphism of ξ′ in F(A′) in the kernel of the homomorphism above (in other
words, inducing the identity on ξ).
Infinitesimal automorphisms are automorphisms of ξ′ in the category of liftings
of ξ over A′. They form a group, which we call the group of infinitesimal automor-
phisms of ξ′ (with respect to ξ). We will see that this group depends only on kerϕ
and on the pullback of ξ to Spec k.
We start by taking A = k, A′ = k[] in the situation above. Notice that if A is
a k-algebra we have a trivial deformation of ξ0 over A, which we denote by ξ0|A,
given by the pullback of ξ0 along the structure homomorphism k → A.
Definition 4.2. The group of infinitesimal automorphisms of ξ0 is the group de-
fined above, where we take ξ = ξ0 ∈ F(k) and ξ′ = ξ0|k[] ∈ F(k[]). We denote it
by Inf(ξ0).
When we need to specify the category F in the notation, we will write Infξ0(F)
instead of Inf(ξ0).
The group of infinitesimal automorphisms has also a canonical k-vector space
structure, coming from the fact that it is the tangent space of a deformation cate-
gory.
Consider the functor Aut(ξ0) : (Artk) → (Set) that sends an object A ∈ (Artk)
into AutA(ξ0|A), and an arrowA′ → A into the function AutA′(ξ0|A′)→ AutA(ξ0|A)
introduced above. This functor gives a category fibered in sets over (Artk)
op, and
from the fact that F satisfies RS (precisely from the “fully faithful” part), we get
that Aut(ξ0) does too.
Then we can consider the tangent space Tidξ0 Aut(ξ0), which, as a set, is easily
seen to be exactly Inf(ξ0) defined above.
Exercise 4.3. Prove that the addition coming from this vector space structure and
the operation of composition of automorphisms coincide in Inf(ξ0). In particular
this will always be an abelian group with respect to composition.
From the fact that Inf(ξ0) is the tangent space of a deformation category, using
Theorem 3.15 we deduce the following corollary.
Corollary 4.4. Let F → (ArtΛ)op be a deformation category, A′ → A a small
extension with kernel I, and f ∈ Aut(ξ0)idξ0 (A); in other words f is an automor-
phism of ξ0|A that induces the identity on ξ0. If Lif(f,A′) is not empty, then there
is a free and transitive action of I ⊗k Inf(ξ0) on it.
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Now we state the aforementioned formula for the group of infinitesimal auto-
morphisms of an arbitrary object of F .
Proposition 4.5. Let F → (ArtΛ)op be a deformation category, A′ → A a small
extension with kernel I, ξ0 ∈ F(k), ξ ∈ Fξ0(A) and ξ′ a lifting of ξ to A′. Then we
have an isomorphism
ker (AutA′(ξ
′)→ AutA(ξ)) ' I ⊗k Inf(ξ0) .
Exercise 4.6. Prove Proposition 4.5. (Sketch of proof : define a functor
Aut(ξ′) : (ArtA′) −→ (Set)
that generalizes Aut(ξ0) above, and show that the resulting category fibered in sets
satisfies RS. Then notice that K = ker (AutA′(ξ
′)→ AutA(ξ)) is the set of liftings
of idξ to A
′ in the category Aut(ξ′), and deduce that there is an isomorphism
I ⊗k Tidξ0 Aut(ξ′) ' K. To conclude show that Tidξ0 Aut(ξ′) ' Inf(ξ0).)
Remark 4.7. Suppose we have two liftings of ξ to A′, say ξ1, ξ2 ∈ Fξ0(A′), and
an isomorphism of liftings f : ξ1 → ξ2. Take an infinitesimal automorphism g1 ∈
AutA′(ξ1) of ξ1, and consider g2 = f ◦g1◦f−1 ∈ AutA′(ξ2), which is an infinitesimal
automorphism of ξ2. Then it is clear from the preceding construction that the
elements of I⊗k Inf(ξ0) corresponding to g1 and g2 with respect to the isomorphism
constructed above are the same.
As an application of Proposition 4.5, a straightforward induction using Proposi-
tion 3.12 gives the following corollary.
Corollary 4.8. Let F → (ArtΛ)op be a deformation category, and ξ0 ∈ F(k).
If Inf(ξ0) = 0, then for every A ∈ (ArtΛ) and ξ ∈ Fξ0(A) the homomorphism
AutA(ξ)→ Autk(ξ0) is injective.
Furthermore we see that the group of infinitesimal automorphisms gives a mea-
sure of the “rigidity” (in the sense of closeness to being a functor) of our deformation
problem.
Proposition 4.9. Let F → (ArtΛ)op be a deformation category and ξ0 ∈ F(k).
Then Inf(ξ0) = 0 if and only if Fξ0 → (ArtΛ)op is a category fibered in equivalence
relations.
Proof. Recall that a groupoid is an equivalence relation if and only if the only
automorphisms are the identities.
Suppose that Inf(ξ0) = 0, and consider the category Fξ0 . By Corollary 4.8
we have that for every A ∈ (ArtΛ) and object ξ0 → ξ ∈ Fξ0(A), the induced
homomorphism AutA(ξ) → Autk(ξ0) is injective, and in particular AutA(ξ0 → ξ)
(which is the preimage of idξ0) has at most one element (it will have exactly one,
namely idξ).
It follows that Fξ0(A) is an equivalence relation for every A ∈ (ArtΛ), and so
Fξ0 → (ArtΛ)op is fibered in equivalence relations. The converse is trivial. 
4.2. Examples. Now we analyze the group of infinitesimal automorphisms in our
three examples.
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4.2.1. Schemes. Consider the category Def → (ArtΛ)op of flat deformations of
schemes, and X0 ∈ Def(k).
Proposition 4.10. We have an isomorphism
InfX0(Def) ' Derk(OX0 ,OX0) ' HomOX0 (ΩX0 ,OX0) .
Proof. We have to understand the functor F : (FVectk) → (Set) that takes V ∈
(FVectk) to
F (V ) = ker
(
Autk⊕V (X0|k⊕V ) −→ Autk(X0)
)
where X0|k⊕V is the trivial deformation XV = X0×Spec k Spec k⊕V . In particular
as topological spaces |XV | = |X0|, and on the structure sheaves we have
OXV = OX0 ⊗k k ⊕ V ' OX0 ⊕ (V ⊗k OX0) .
An element ϕ ∈ Aut(X0)(V ) will clearly be the identity as a map between topolog-
ical spaces, so we turn to the morphism ϕ] : OXV → OXV on the structure sheaf,
which is an automorphism of sheaves of k ⊕ V -algebras inducing the identity on
OX0 .
Using the analogue of Proposition 3.8 for extensions of sheaves, with respect to
the extension
0 // V ⊗k OX0 // OXV // OX0 // 0
we see that ϕ] differs from the identity of OXV by a derivation
Dϕ ∈ Derk(OX0 , V ⊗k OX0) .
Conversely every ϕ as above can be obtained in this way, and so for each V ∈
(FVectk) we get a bijection
F (V ) ' Derk(OX0 , V ⊗k OX0) ' V ⊗k Derk(OX0 ,OX0) .
These maps are also functorial in V (as is readily checked), so the corresponding
natural transformation is k-linear, and in particular we have an isomorphism
InfX0(Def) = F (k) ' Derk(OX0 ,OX0). 
In particular if X0 is smooth the vector space HomOX0 (ΩX0 ,OX0) coincides
with H0(X0, TX0), so that infinitesimal automorphisms correspond to sections of
the tangent sheaf, or vector fields, which is an old intuitive idea from differential
geometry.
Specializing further, if X0 is a smooth projective curve of genus g ≥ 2, then it
has no non-trivial infinitesimal automorphism. This reflects the fact that the stack
Mg of smooth curves of genus g ≥ 2 is Deligne-Mumford (see the discussion at the
very beginning of this section).
4.2.2. Closed subschemes. Now we turn to deformations of closed subschemes. It
was already mentioned that in this case the space of infinitesimal automorphisms
is trivial.
Proposition 4.11. InfZ0(HilbX) is trivial for every Z0 ∈ HilbX(k).
Proof. This is immediate from the fact that, for source and target fixed, the arrows
in HilbX are uniquely determined by their image in (ArtΛ)op. In particular an
object of HilbX(k[]) can only have one automorphism (because they map to the
identity of k[] in (ArtΛ)
op), which is the identity. 
40 MATTIA TALPO AND ANGELO VISTOLI
4.2.3. Quasi-coherent sheaves. Finally let us consider the infinitesimal automor-
phisms of E0 ∈ QCohX(k) in the deformation category QCohX → (ArtΛ)op.
Proposition 4.12. We have an isomorphism
InfE0(QCohX) ' HomOX0 (E0, E0)
Proof. We have to study the functor F : (FVectk)→ (Set) defined by
F (V ) = ker (Autk⊕V (EV )→ Autk(E0))
where, if V ∈ (FVectk), the sheaf EV is the trivial lifting
EV = pi∗V (E0) ' E0 ⊗k k ⊕ V ' E0 ⊕ (V ⊗k E0)
(where piV : X0 ×Spec k Spec k ⊕ V → X0 is the projection).
Consider an automorphism ϕ : E0⊕ (V ⊗k E0)→ E0⊕ (V ⊗k E0) of OXV -modules
that induces the identity on E0. Using k ⊕ V -linearity and V 2 = (0), we see that
ϕ restricts to the identity on V ⊗k E0, and if we write ϕ(f) = f + Gϕ(f) for a
section f of the summand E0 ⊆ EV , then Gϕ : E0 → V ⊗k E0 is a homomorphism of
OX0-modules, and determines ϕ completely.
Conversely, given an OX0-module homomorphism G ∈ HomOX0 (E0, V ⊗k E0), we
can define a homomorphism of OXV -modules
ϕG : E0 ⊕ (V ⊗k E0) −→ E0 ⊕ (V ⊗k E0)
by ϕG(f + α) = f + G(f) + α, where f is a section of E0 and α one of V ⊗k E0.
Moreover ϕG will be an automorphism, with inverse ϕ−G.
These two correspondences are inverse to each other, so that for each V ∈
(FVectk) we have a bijection
F (V ) ' HomOX0 (E0, V ⊗k E0) ' V ⊗k HomOX0 (E0, E0) .
These maps are easily seen to be functorial in V , so the resulting natural transfor-
mation will be k-linear, and we have an isomorphism
InfE0(QCohX) ' HomOX0 (E0, E0). 
5. Obstructions
The present section is about obstruction theories, which tell us whether we can
lift a given object along a small extension or not. In opposition to tangent spaces
and groups of infinitesimal automorphisms, which are canonically defined, there
can well be more than one obstruction theory for a given problem, and the choice
of a particular one is important in some cases.
In particular we will focus on minimal obstruction spaces and their properties,
and state a Theorem on the vanishing of obstructions that will be proved in Sec-
tion 6. We will then show a particular obstruction theory for each one of our
examples, and give a classical example of a variety over C with non-trivial obstruc-
tions.
5.1. Obstruction theories. Now we focus on the problem of existence of liftings.
Given a deformation category F → (ArtΛ)op and a small extension A′ → A, with
an object ξ ∈ F(A), we would like to have a procedure to decide whether there is
a lifting of ξ to A′.
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Definition 5.1. An obstruction theory for ξ0 ∈ F(k) is a pair (Vω, ω), where Vω is
a k-vector space and ω is a function that assigns to every small extension A′ → A
with kernel I and every ξ ∈ Fξ0(A) an element
ω(ξ, A′) ∈ I ⊗k Vω
called the obstruction to lifting ξ to A′, in such a way that:
• ω(ξ, A′) = 0 if and only if there exists a lifting of ξ to A′.
• We have the following functoriality property: if B′ → B is another small
extension with kernel J , ϕ : A′ → B′ is a homomorphism such that ϕ(I) ⊆
J , and ϕ : A→ B, ϕ|I : I → J are the induced homomorphisms, then
(ϕ|I ⊗ id)(ω(ξ, A′)) = ω(ϕ∗(ξ), B′) ∈ J ⊗k Vω .
The space Vω called an obstruction space for ξ0. If the association ω is identically
zero (that is, every object can be lifted along any small extension), we say that ξ0
(or the deformation problem associated with Fξ0) is unobstructed ; otherwise, we
say it is obstructed.
Example 5.2. If ξ0 ∈ F(k) has the property that any object of F restricting to ξ0
on k can be lifted along any small extension, then it obviously admits a “trivial”
obstruction theory, with Vω = 0 and ω the only possible function. In particular
such a ξ0 is unobstructed.
Notice that the functoriality property implies in particular that if ω(ξ, A′) = 0
(i.e. ξ admits a lifting to A′), then surely ω(ϕ∗(ξ), B
′) = 0 (i.e. ϕ∗(ξ) admits a
lifting to B′). But this is clear a priori, because the pullback along ϕ of a lifting of
ξ to A′ will be a lifting of ϕ∗(ξ) to B
′.
When dealing with concrete problems, it is usually possible to construct an
obstruction theory, and sometimes the obstruction space is a cohomology group of a
quasi-coherent sheaf on a certain noetherian scheme (usually one degree higher than
the one yielding the tangent space of the deformation problem we are considering).
We will see some examples of this later. In these cases in particular the obstruction
will vanish locally (on affine open subschemes).
If we stick to the abstract setting, that is, if we consider an arbitrary deforma-
tion category F → (ArtΛ)op and an object ξ0 ∈ F(k), it is possible to construct
“abstract” obstruction theories for ξ0. In [FM98] the authors define a more general
notion of obstruction theory (for morphisms of deformation functors) using pointed
sets, and among other results they show that, with mild hypotheses, one can always
find an obstruction theory for a deformation functor (and even a universal one, in
some sense).
Nevertheless notice that obstruction spaces are something that is intrinsically
non-canonical, and moreover the choice of the obstruction theory one considers is
very important in some cases (for example, in the theory of the virtual fundamental
class [BF97]).
5.1.1. The first obstruction. Let Λ = k, and let F be a deformation category over
(Artk)
op. Let ξ0 be an object of F(k), with tangent space T def= Tξ0F and an
obstruction theory (Vω, ω). By definition, each vector v ∈ T defines an element
ξv ∈ F(k[]), unique up to isomorphism. Set k[′] def= k[t]/(t3), where ′ = [t]. We
consider k[′] as a tiny extension of k[], via the homomorphism k[′]→ k[] sending
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′ into . With the object ξv we associate an obstruction ω(ξv, k[′]) ∈ 〈′2〉⊗k Vω '
Vω.
Definition 5.3. The first obstruction for ξ0 is the function Φξ0 : T → Vω that sends
v ∈ T into the obstruction ω(ξv, k[′]).
We will compute the first obstruction for the deformations of a smooth variety
in Proposition 5.19; in this case it is given by a quadratic form. But this is not
surprising, because the first obstruction is always a quadratic form. This can be
shown as follows.
Let Sym∗k(T
∨) be the symmetric algebra of the dual T∨ of the tangent space T ;
denote by m the ideal generated by elements of positive degree. Then we set
S1
def
= Sym∗k(T
∨)/m2
= k ⊕ T∨,
and
S2
def
= Sym∗k(T
∨)/m3
= k ⊕ T∨ ⊕ Sym2k(T∨) .
A vector v ∈ T can be thought of as a k-linear homomorphism v : T∨ → k, so
it yields a homomorphism of k-algebras Sym2(v) : Sym2k(T
∨) → k, which can be
interpreted as evaluation of a quadratic form at v. This in turn gives a quadratic
function T → Homk
(
Sym2k(T
∨), k
)
sending v into Sym2(v), and a quadratic form
Qξ0 : T −→ Homk
(
Sym2k(T
∨)⊗ Vω, Vω
)
sending v ∈ T into Sym2(v)⊗ idVω .
Consider the universal first order lifting ξ(1) of ξ0 to S1 (Example 3.19); there is
an obstruction ω(ξ(1), S2) ∈ Sym2k(T∨)⊗ Vω to lifting it to S2.
The following is easy to see from functoriality of obstructions.
Exercise 5.4. Check that the first obstruction ω(ξv, k[
′]) ∈ Vω coincides with
Qξ0(v)
(
ω(ξ(1), S2)
)
.
Hence, the first obstruction Φξ0(v) is a quadratic function of v, as claimed.
5.1.2. Minimal obstruction spaces. Very often, an obstruction space is larger than
necessary. For example, it can happen that (Vω, ω) is an obstruction theory for
some ξ0 ∈ F(k), the vector space Vω is not zero, but nevertheless the map ω is (see
the example in Proposition 5.18). However, there is always a minimal subspace of
Vω that contains all the obstructions, which gives a minimal obstruction theory.
Definition 5.5. Let (Vω, ω) be an obstruction theory for ξ0 ∈ F(k). The minimal
obstruction space Ωω of the given obstruction theory is the subspace of Vω of ele-
ments v ∈ Vω that correspond to obstructions along tiny extensions, in the following
sense: there exists a tiny extension A′ → A, with a fixed isomorphism I ' k, and
ξ ∈ Fξ0(A), such that v is the image of the obstruction ω(ξ, A′) ∈ I ⊗k Vω under
the induced isomorphism I ⊗k Vω ' k ⊗k Vω ' Vω.
For this definition to make sense, we have to check that Ωω is a vector subspace
of Vω.
Proposition 5.6. Ωω ⊆ Vω is a vector subspace.
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Proof. It is easy to see that Ωω contains zero and that it is closed under scalar
multiplication (for the latter, just multiply the isomorphism I ' k by the scalar
under consideration). The only non-trivial part is closure under the sum operation.
Take two elements v, w ∈ Ωω, corresponding respectively to ω(ξ, A′) and ω(η,B′),
with A′ → A and B′ → B two tiny extensions with kernels I and J , fixed isomor-
phisms f : I ' k, g : J ' k, and objects ξ ∈ Fξ0(A), η ∈ Fξ0(B).
Then we take the fibered product A ×k B, and notice that by RS ξ and η
induce an object {ξ, η} of Fξ0(A×k B) (since they restrict to ξ0 over k). The map
A′ ×k B′ → A×k B gives a small extension, with kernel f ⊕ g : I ⊕ J ' k ⊕ k; we
have then an obstruction
ω({ξ, η}, A′ ×k B′) ∈ (I ⊕ J)⊗k Vω
' (k ⊕ k)⊗k Vω
' Vω ⊕ Vω
that corresponds to the pair (u, v) (as the reader can check, using the functoriality
property of the obstruction).
Now we take the sum s : I ⊕ J ' k⊕ k → k, defined by s(i, j) = f(i) + g(j), and
consider K = ker s ⊆ I ⊕ J ⊆ A′ ×k B′, an ideal. Since s is surjective we have an
isomorphism h : (I ⊕ J)/K ' k.
Set C ′ def= (A′ ×k B′)/K. We have a tiny extension C ′ → A ×k B with kernel
(I ⊕ J)/K ' k (which is a sort of “sum extension” of the given ones), and the
projection pi : A′ ×k B′ → C ′ induces a homomorphism of extensions
0 // I ⊕ J //
s

A′ ×k B′ //
pi

A×k B //
pi

0
0 // (I ⊕ J)/K // C ′ // A×k B // 0
where the map s is the projection to the quotient, and corresponds to the addition
+: k ⊕ k → k under the isomorphisms above.
By functoriality of the obstruction we have then
ω(pi∗({ξ, η}), C ′) = (s⊗ id)(ω({ξ, η}, A′ ×k B′)) ,
which corresponds to u+ v ∈ Vω, as the reader can check using again functoriality
of ω. In conclusion this shows that u+ v ∈ Ωω, as we want. 
Next, we see that (Ωω, ω) is an obstruction theory.
Proposition 5.7. Given a small extension A′ → A with kernel I, and ξ ∈ Fξ0(A),
we have
ω(ξ, A′) ∈ I ⊗k Ωω ⊆ I ⊗k Vω .
In particular (Ωω, ω) is an obstruction theory for ξ0.
Proof. Let v1, . . . , vn be a basis of I as a k-vector space, and write the obstruction
ω(ξ, A′) ∈ I ⊗k Vω as a sum
ω(ξ, A′) = v1 ⊗ w1 + · · ·+ vn ⊗ wn
where w1, . . . , wn ∈ Vω. We have to show that w1, . . . , wn are elements of Ωω.
Fix 1 ≤ i ≤ n, and let
Ki
def
= ker v∨i = {v ∈ I : if we write v = a1v1 + · · ·+ anvn, then ai = 0} ⊆ I
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where v∨i : I → k is the dual element of vi ∈ I.
This Ki is an ideal of A
′, so set B′ def= A′/Ki. We have a tiny extension B′ → A
with kernel I/Ki ' k (where the isomorphism is induced by v∨i ), and the projection
pi : A′ → B′ induces a homomorphism of extensions
0 // I //
pi|I

A′ //
pi

A //
pi

0
0 // I/Ki // B′ // A // 0 .
By functoriality of the obstruction we get
ω(pi∗(ξ), B′) = (pi|I ⊗ id)(ω(ξ, A′))
which corresponds to the i-th component wi of ω(ξ, A
′) under the isomorphism
I ⊗k Vω ' kn ⊗k Vω ' V nω given by the basis v1, . . . , vn, because the diagram
I ⊗k Vω ∼ //
pi|I⊗id

kn ⊗k Vω ∼ //
pii⊗id

V nω
pii

(I/Ki)⊗k Vω ∼ // k ⊗k Vω ∼ // Vω
(where the horizontal isomorphisms are the ones we have already considered) is
commutative.
Finally notice that ω(pi∗(ξ), B′) is the obstruction associated with a tiny exten-
sion (since I/Ki ' k), so that wi ∈ Ωω, and we are done. 
After the study of miniversal deformations in Section 6, we will see that we
can obtain a formula for the dimension of Ωω from a miniversal deformation of
ξ0 (provided it exists). In particular dimk Ωω does not depend on the starting
obstruction theory (Vω, ω).
This also follows from the next exercise, which says that minimal obstruction
spaces are canonical.
Exercise 5.8. Let F → (ArtΛ)op be a deformation category, (V1, ω1) and (V2, ω2)
be two obstruction theories for ξ0 ∈ F(k), and denote by Ω1 and Ω2 the corre-
sponding minimal obstruction spaces. Show that there is a canonical isomorphism
ϕ : Ω1 ' Ω2 that preserves obstructions. Here with “preserves obstructions” we
mean that if A′ → A is a small extension with kernel I, and ξ ∈ F(A), then
(id⊗ϕ)(ω1(ξ, A′)) = ω2(ξ, A′) ∈ I ⊗k Ω2 .
Even though the minimal obstruction space is a good thing to have, in practice
it is (in general) very hard to calculate. Because of this, in most applications it
suffices to have an obstruction theory that is possibly easier to calculate and more
naturally defined, as in the examples we will see later on.
5.1.3. The Ran–Kawamata unobstructedness Theorem. The following result, first
stated and proved in [Kaw92], can be applied in some cases to conclude that a
deformation problem is unobstructed. In this section we assume Λ = k.
Theorem 5.9 (Kawamata). Let F → (Artk)op be a deformation category, and
take ξ0 ∈ F(k). Assume that:
• Tξ0F is finite-dimensional.
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• k has characteristic 0.
• If A ∈ (Artk) and ξ ∈ Fξ0(A), then the functor Fξ : (FModA) → (ModA)
described on page 26 is right-exact (that is, carries surjections into surjec-
tions).
Then ξ0 is unobstructed.
We postpone the proof to Section 6, page 72.
Example 5.10. Let X be a scheme over k and consider an invertible sheaf L0 ∈
QCohX(k) on X. Suppose also that char k = 0 and H1(X,OX) is finite-dimensional.
We want to show that in this case L0 is unobstructed in QCohX , using the Ran-
Kawamata Theorem.
To do this, we consider A ∈ (Artk) and L ∈ QCohXL0(A), and we want to
understand the functor FL : (FModA)→ (ModA); recall that this is defined by
FL(M) = {isomorphism classes of liftings of L to A⊕M} .
Notice that if LM denotes the trivial pullback of L to A⊕M for any M ∈ (FModA)
(the one along the inclusion A → A ⊕M), then there is a natural equivalence of
functors ϕ : FOXA ' FL (where XA
def
= X ×Spec k SpecA is the trivial deformation,
as usual); if M ∈ (FModA), the function ϕM : FOXA (M)→ FL(M) is defined by
ϕM ([E ]) = [E ⊗OXA⊕M LM ] .
The group FOXA (M) is the kernel of the restriction map PicXA⊕M → PicXA; it
follows from the long cohomology exact sequence associated with the short exact
sequence of sheaves on |X|
1 // M ⊗A OXA
f 7→1+f // O∗XA⊕M // O∗XA // 0 .
that there is a functorial isomorphism
FOXA (M) ' H1(X,M ⊗A OXA) .
Now M ⊗A OXA ' M ⊗A (A ⊗k OX) ' M ⊗k OX , and the functor − ⊗k OX is
exact. Consequently H1(X,− ⊗k OX) ' H1(X,− ⊗A OXA) ' FOXA is exact too,
and since char k = 0 and
TL0QCohX ' Ext1OX (L0,L0) ' H1(X, EndOX (L0)) ' H1(X,OX)
is finite-dimensional, we can apply Theorem 5.9, and conclude that L0 is unob-
structed.
Remark 5.11. This fails in positive characteristic: there are famous examples,
due to Jun-Ichi Igusa ([Igu55]), of smooth projective varieties in which invertible
sheaves are obstructed.
We have the following corollary of the theorem, which is useful for example when
considering deformations of abelian varieties, Calabi-Yau manifolds, K3 surfaces,
etc.
Corollary 5.12 (Ran). Let X0 be a smooth and projective scheme over k (with
char k = 0), whose canonical sheaf ωX0 is trivial (i.e. isomorphic to OX0). Then
X0 is unobstructed.
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Proof. Since char k = 0 and the tangent space TX0Def ' H1(X0, TX0) (see Re-
mark 3.24) is finite dimensional, to apply the Ran-Kawamata Theorem we only
need to show, given A ∈ (Artk) and an object X ∈ DefX0(A), that the functor
FX : (FModA)→ (ModA) defined by
FX(M) = {isomorphism classes of liftings of X to A⊕M}
is right-exact.
If M ∈ (FModA), and we call f : X → SpecA the structure morphism, then one
can show (using the same techniques we used to calculate the tangent space of Def ,
Theorem 3.23) that there is a functorial isomorphism
FX(M) ' H1(X, f∗M ⊗OX TX/A) ' H1(X,M ⊗A TX/A) .
Using the results on base change of Appendix C we will show that there is also a
functorial isomorphism
(5.13) H1(X,M ⊗A TX/A) 'M ⊗A H1(X,TX/A)
which shows that the functor FX is isomorphic to − ⊗A H1(X,TX/A), and so it is
right-exact.
Set n
def
= dimX0 = dimX; since ωX0 = Ω
n
X0
' OX0 (recall that ΩiX0 denotes∧i
ΩX0), we have a global nowhere vanishing section s of Ω
n
X0
, which is an element
of H0(X0,Ω
n
X0
). By Deligne’s Theorem (Theorem C.7) the natural map
k ⊗A H0(X,ΩnX/A) −→ H0(X0,ΩnX0)
is an isomorphism, and s corresponds to a global section of ΩnX/A that is nowhere
vanishing as well, since |X| = |X0|.
From the existence of this section we get that ΩnX/A ' OX . Moreover for each
j ≤ n we have a bilinear nondegenerate pairing
ΩjX/A × Ωn−jX/A −→ ΩnX/A ' OX
that induces an isomorphism Ωn−jX/A ' (ΩjX/A)∨.
This implies in particular that TX/A = (Ω
1
X/A)
∨ ' Ωn−1X/A, which by Deligne’s
Theorem again satisfies base change, and then we have our functorial isomorphism
(5.13). This concludes the proof, as we already remarked. 
5.2. Examples. Now we describe an obstruction theory for each of our main ex-
amples, and give a classical example of a variety with non-trivial obstructions.
5.2.1. Schemes. We consider the deformation category of flat schemes Def →
(ArtΛ)
op, andX0 ∈ Def(k) a local complete intersection, generically smooth scheme
of finite type over k.
Theorem 5.14. With the hypotheses above, there is an obstruction theory (Vω, ω)
for X0 with vector space
Vω = Ext
2
OX0 (ΩX0 ,OX0) .
Furthermore, let A′ → A be a small extension in (ArtΛ), and assume that XA is
a lifting of X0 to A. Let YA → XA be an e´tale morphism, and set Y0 def= YA×SpecA
Spec k. Since the induced morphism ϕ : Y0 → X0 is e´tale, we have ϕ∗0ΩX0 ' ΩY0 ;
furthermore, ϕ0 induces a morphism
ϕ∗0 : Ext
2
OX0 (ΩX0 ,OX0) −→ Ext
2
OY0 (ΩY0 ,OY0) .
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If I is the kernel of the small extension A′ → A, then the homomorphism
idI ⊗ϕ∗0 : I ⊗k Ext2OX0 (ΩX0 ,OX0) −→ I ⊗k Ext
2
OY0 (ΩY0 ,OY0)
carries the obstruction to lifting XA into the obstruction to lifting YA.
This follows from the general machinery of the cotangent complex in [Ill71]. A
proof of this Theorem that does not use the cotangent complex can be found in
[Vis97].
Remark 5.15. If X0 is also affine, then Ext
2
OX0 (ΩX0 ,OX0) = 0. In particular
deformations of an affine X0 with the hypotheses above are unobstructed.
As with the tangent space, in the general case one can still find an obstruction
theory for X0, by using the cotangent complex. In general X0 has an obstruction
theory with obstruction space
Vω = Ext
2
OX0 (LX0/k,OX0)
(see [Ill71, Chapter III, The´ore`me 2.1.7]).
5.2.2. Smooth varieties. We give a proof of the Theorem above only in the case
of smooth varieties, which can be studied using Cˇech cohomology. Consider the
deformation category Def → (ArtΛ)op.
Theorem 5.16. Every smooth variety X0 ∈ Def(k) has an obstruction theory
(Vω, ω) with obstruction space
Vω = H
2(X0, TX0) .
Proof. Let A′ → A be a small extension with kernel I, and X ∈ DefX0(A) be a
deformation of X0 over SpecA. We show how to construct the element ω(X,A
′) ∈
I ⊗k H2(X0, TX0).
Let U = {Ui}i∈I be an open affine cover of X0, and denote by X|Ui the induced
deformation of Ui over A, obtained by considering Ui ⊆ X0 as an open subscheme
of X (recall that |X| = |X0|). By Remark 5.15 we have that Ui is unobstructed,
and so we can find deformations Yi ∈ DefUi(A′) such that the restriction of each
Yi to A is X|Ui .
Now notice that, since Uij is affine as well, the restrictions Yi|Uij and Yj |Uij are
isomorphic deformations of Uij over A
′, by Remark 3.24 and Corollary 3.17. Then
for each pair of indices we have an isomorphism of deformations
νij : Yj |Uij → Yi|Uij
which restricts to the identity of X|Uij on the pullback to A, and for each triplet
of indices we can consider the composite
νijk = νij ◦ νjk ◦ ν−1ik .
Each νijk is an automorphism of the deformation Yi|Uijk of Uijk over A′ that re-
stricts to the identity on the pullback to A, and so by Propositions 4.5 and 4.10 it
corresponds to an element
eijk ∈ I ⊗k Inf(Uijk) ' I ⊗k Derk(Aijk, Aijk) ' Γ(Uijk, I ⊗k TX0)
where SpecAijk = Uijk.
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The family {eijk}i,j,k∈I is a Cˇech 2-cocycle for the sheaf I ⊗k TX0 , with respect
to the cover U : we have to show that for every quadruple of indices i, j, k, l ∈ I we
have
ejkl − eikl + eijl − eijk = 0
as elements of Γ(Uijkl, I ⊗k TX0) ' I ⊗k Inf(Uijkl). We rewrite this as
(5.17) eijl − eikl − eijk = −ejkl
and notice that the left-hand side corresponds (under the isomorphism of Proposi-
tion 4.5) to the infinitesimal automorphism
νijl ◦ ν−1ikl ◦ ν−1ijk = νij ◦ ν−1jkl ◦ ν−1ij
of the deformation Yi|Uijkl of Uijkl, and the right-hand side to the infinitesimal
automorphism ν−1jkl of the deformation Yj |Uijkl . Moreover the restriction of νij
is an isomorphism between these two deformations, and so (5.17) follows from
Remark 4.7.
Then we have an element [{eijk}i,j,k∈I ] of
Hˇ2(U , I ⊗k TX0) ' H2(X0, I ⊗k TX0) ' I ⊗k H2(X0, TX0)
that we call ω(X,A′). We leave to the reader to check that this is well-defined
(it does not depend on the choice of the automorphisms νij). It is also clear that
each cocycle in this cohomology class corresponds to a family of isomorphisms, by
reversing this construction, and moreover one can check that the ω(X,A′) defined
does not depend on the open affine cover U of X0.
Now it is clear from the construction that we will have ω(X,A′) = 0 if and only if
X admits a lifting to A′, and the functoriality property is an easy consequence of the
functoriality of the isomorphism we constructed in the proof of Proposition 4.10. 
In particular if X0 is a smooth curve, then H
2(X0, TX0) = 0 and so X0 is unob-
structed.
The preceding proof shows a typical pattern that can be used in other cases to
construct obstructions. Here is the (rather vague) idea: if our deformation problem
has an underlying scheme X (X0 in the case above), and it localizes naturally on
this scheme, in the sense that every deformation over X induces one over any of its
open subschemes (just by restriction, in the case above), and moreover:
• Infinitesimal automorphisms form a sheaf I on X.
• Locally we always have liftings.
• Two liftings of the same deformation are always locally isomorphic.
• We can reconstruct our deformations from local compatible data.
Then we can mimic the preceding proof to construct an obstruction theory, with
space H2(X, I) (see [Oss05]).
Here is an example of a smooth variety X0 such that H
2(X0, TX0) 6= 0, but
nevertheless X0 is unobstructed, so the map ω must be zero.
Proposition 5.18. Let Z0 ⊆ P3k be a smooth surface of degree d ≥ 6. Then
H2(Z0, TZ0) 6= 0, but Z0 is unobstructed.
Proof. The fact that Z0 is unobstructed is immediate from Propositions 3.35 and
3.36: given an object Z ∈ DefZ0(A) and a small extension A′ → A, because of
Proposition 3.36 we have a closed immersion Z ⊆ P3A, which by Proposition 3.35
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lifts to some Z ′ ⊆ P3A′ over A′, and forgetting the immersion this gives a lifting
Z ′ ∈ DefZ0(A′) of Z to A′.
The fact that H2(Z0, TZ0) 6= 0 is proved by the following calculation, similar to
the ones we used in the proof of Proposition 3.29. From the dual of the conormal
sequence of Z0 ⊆ P3k
0 // TZ0 // TP3k |Z0 // OZ0(d) // 0
we see that it suffices to show that H2(Z0, TP3k |Z0) 6= 0. By Serre’s duality we have
H2(Z0, TP3k |Z0) ' H
0(Z0,ΩP3k(d− 4)|Z0)
∨
and by the twisted and restricted Euler sequence
0 // ΩP3k(d− 4)|Z0 // OZ0(d− 5)⊕4 // OZ0(d− 4) // 0
it is sufficient to show that
dimk H
0(Z0,OZ0(d− 5))4 > dimk H0(Z0,OZ0(d− 4))
or, using known formulas for the dimensions above, that
4
(
d− 2
3
)
>
(
d− 1
3
)
for d ≥ 6, which is easy to check. 
5.2.3. An obstructed variety. Here is a classical example due to Kodaira and Spencer
of a smooth projective variety over C with non-trivial obstructions.
Let X be a smooth variety over k. The tangent sheaf TX = Hom(ΩX ,OX)
has a natural structure of sheaf of Lie algebras over k: over an open affine subset
U = SpecA, we have TX(U) = Derk(A,A), and given two derivations D,E : A→ A
we can define [D,E] : A→ A by
[D,E](x) = D(E(x))− E(D(x)) .
It is immediate to check that [D,E] is still a k-derivation, and that this product
gives a structure of Lie algebra over k to TX(U). Moreover this local construction
gives a global Lie product [−,−] : TX × TX → TX , which, being k-bilinear, induces
a linear map TX ⊗k TX → TX , which we still denote by [−,−].
Moreover if we fix an open affine cover of X, say U = {Ui}i∈I , then there is a
product
Hˇ1(U , TX)× Hˇ1(U , TX) −→ Hˇ2(U , TX ⊗k TX)
in Cˇech cohomology, induced by the tensor product (see for example [God58, II,
§ 6]).
From this product and its properties we get a quadratic form Hˇ1(U , TX) →
Hˇ2(U , TX), defined as the composite
Hˇ1(U , TX)→ Hˇ1(U , TX)× Hˇ1(U , TX)→ Hˇ2(U , TX ⊗k TX)→ Hˇ2(U , TX)
where the first map is the diagonal v 7→ (v, v), the second is induced by the tensor
product, and the last one by the Lie product. If we represent an element v ∈
Hˇ1(U , TX) as a 1-cocycle {aij}i,j∈I , then the image of v along the above map,
which we denote by [v, v], is given by the class of the 2-cocycle {[aij , ajk]}i,j,k∈I .
Finally recall that if X0 is a smooth variety, then TX0Def ' H1(X0, TX0) and
we have an obstruction theory with vector space H2(X0, TX0).
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Proposition 5.19. Let X0 be a smooth variety over k, with char k 6= 2. Then the
first obstruction of X0 (see Definition 5.3)
Φ: H1(X0, TX0)→ H2(X0, TX0)
with respect to the obstruction theory described in the preceding section is given by
Φ(v) = 12 [v, v].
Proof. With the notation of Section 3, let us take an element v ∈ H1(X0, TX0),
a first-order deformation Xv corresponding to v, and the associated 1-cocycle
{dij}i,j∈I of TX0 for an open affine cover U = {Ui}i∈I of X0. Recall that dij is the
derivation associated with the infinitesimal automorphism θij of Uij×Spec kSpec k[];
in other words we have
θ]ij(f + g) = f + (dij(f) + g)
where we see OUij ⊗k k[] as OUij ⊕ (〈〉⊗kOUij ) and f , g are sections of OUij (see
Proposition 4.10).
Now let us calculate the obstruction to lifting Xv to k[
′] def= k[t]/(t3) (where
′ = [t]) constructed in the proof of Theorem 5.16. In this case since Xv|Ui is
isomorphic to the trivial deformation Ui ×Spec k Spec k[] of Ui over k[], we can
take Yi = Ui ×Spec k Spec k[′] as liftings to k[′]. Moreover one checks at once that
the automorphisms of sheaves of algebras ϕij : OUij ⊗k k[′]→ OUij ⊗k k[′] defined
as
ϕij(f + 
′g + ′2h) = f + ′(dij(f) + g) + ′2
(
dij(g) +
1
2
d2ij(f) + h
)
where we see OUij ⊗k k[′] as OUij ⊕ (〈′〉 ⊗k OUij ) ⊕ (〈′2〉 ⊗k OUij ) and d2ij is
dij ◦ dij , give isomorphisms νij : Yj |Uij ' Yi|Uij inducing the identity on Xv|Uij .
The element eijk ∈ 〈′2〉 ⊗k Inf(Uijk) ' Derk(Aijk, Aijk) ' Γ(Uijk, TX0) associ-
ated with the composite νijk = νij ◦ νjk ◦ ν−1ik is easily seen to be
1
2
(dij ◦ djk − djk ◦ dij) = 1
2
[dij , djk] .
Finally this gives
ω(Xv, k[
′]) = [{eijk}i,j,k∈I ] =
[{
1
2
[dij , djk]
}
i,j,k∈I
]
=
1
2
[v, v]
as claimed. 
Because of the Proposition just proved, to give an example of an obstructed
variety it suffices to find one such that the map Φ above is nonzero, or equivalently
such that the quadratic form given by the Lie product is not identically zero. We
do this in the following exercise.
Exercise 5.20. Take X0 = P1C ×SpecC Y where Y is an abelian variety over C of
dimension at least 2.
• Show that the product
H1(Y,OY )⊗C H1(Y,OY ) −→ H2(Y,OY )
induced by tensor product is not identically zero, and the same is true for
the product
H0(P1C, TP1C)⊗C H
0(P1C, TP1C) −→ H
0(P1C, TP1C)
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induced by the Lie product.
• Take a, b ∈ H1(Y,OY ) such that ab 6= 0 and D,E ∈ H0(P1C, TP1C) such
that [D,E] 6= 0, and show that they naturally give elements aD and bE
of H1(X0, TX0). (Hint : use Cˇech cohomology, pull the sections back to X,
and then multiply them.)
• Check that [aD, bE] = (ab)[D,E], and then use the Ku¨nneth formula to
show that [aD, bE] 6= 0.
5.2.4. Closed subschemes. Let X be a separated scheme over Λ. Assume that X
is flat over Λ. Consider the deformation category HilbX → (ArtΛ)op. Take Z0 ∈
HilbX(k), call I0 its sheaf of ideals, and N0 the normal sheaf
N0 def= HomOZ0 (I0/I20 ,OZ0) .
Theorem 5.21. Assume that the subscheme Z0 of X0 is a local complete intersec-
tion. Then there is an obstruction theory (Vω, ω) for Z0, with obstruction space
Vω = H
1(Z0,N0) .
Remark 5.22. This implies, for example, that if X0 is affine, the deformation the-
ory is unobstructed. It is easy to give examples in which X0 is affine, the subscheme
Z0 not a local complete intersection and the deformation theory is obstructed; this
shows that the formula of the Theorem can not be correct in the general case.
In general one can show that there is an obstruction theory with vector space
Ext1OX0 (I0,OX0); this space contains H1(Z0,N0), but is often larger, even when Z0
is a local complete intersection. This gives an example of a deformation problem
with two different “natural” obstruction theories.
Proof. Let us start with a Lemma, which takes care of the local situation. Let
A′ → A be a surjection in (ArtΛ) with kernel I and take and object Z ∈ HilbXZ0(A).
In the Lemma that follows, we will say that a sequence of elements f1, . . . , fr of a
ring R is a regular sequence if its image in the localization Rp is a regular sequence,
for all p ∈ SpecR containing (f1, . . . , fr); this is equivalent to the exactness of the
Koszul complex of the fi. From a geometric point of view this is more useful that
the standard definition of regular sequence in a non-local ring.
Lemma 5.23. Assume that X = SpecR is affine, and that the ideal of Z is of
the form (f1, . . . , fr), where f1, . . . , fr is a regular sequence in RA, where RA
def
=
R⊗Λ A.
Let f ′1, . . . , f
′
r be liftings of f1, . . . , fr to RA′ . Then RA′/(f
′
1, . . . , f
′
r) is flat
over A′, its spectrum is a lifting of Z to A′ and f ′1, . . . , f
′
r is a regular sequence in
RA′ .
Conversely, every lifting of Z to A′ is of this form.
This implies in particular that local complete intersections can always be lifted
locally.
Proof. Let Z ′ = SpecS′ be a closed subscheme of XA′
def
= X×Spec Λ SpecA′ restrict-
ing to Z over A. The ideal of Z is J
def
= (f1, . . . , fr); call J
′ ⊆ RA′ the ideal of Z ′.
Then we claim that the natural surjection J ′/IJ ′ → J is an isomorphism if and
only if S′ is flat over A′. Tensoring the exact sequence
0 // J ′ // RA′ // S′ // 0
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with A, and using the fact that RA′ is flat over A
′, we see that TorA
′
1 (S
′, A) is the
kernel of the homomorphism J ′/IJ ′ → J , and then the result follows from the local
criterion of flatness (Theorem C.4).
Now, assume that Z ′ is flat over A′, so it is a lifting of Z. Let f ′1, . . . , f
′
r be
liftings of f1, . . . , fr to J
′. From the fact that J ′/IJ ′ = J and the fact that I is
nilpotent we conclude that the f ′i generate J
′.
Let us check that f ′1, . . . , f
′
r is a regular sequence. Set S
def
= RA/(f1, . . . , fr)
and S′ def= RA′/(f ′1, . . . , f
′
r). Let K
′
• be the Koszul complex of f
′
1, . . . , f
′
r; then
K• = K ′• ⊗A′ A is the Koszul complex of f1, . . . , fr. We have a homology spectral
sequence
E2pq = Tor
A′
p
(
Hq(K
′
•), A
)
=⇒ Hp+q(K•) =
{
0 if p+ q > 0
S if p+ q = 0 .
Notice that E2p0 = 0 for p > 0, because H0(K
′
•) = S
′ is flat over A′. From this, and
the fact that the abutment is 0 in degree 1, we get that H1(K
′
•)⊗A′ A = E201 = 0.
This implies that H1(K
′
•) is 0, and hence E
2
p1 = 0 for all p. Analogously one proves
that H2(K
′
•) = 0, and by induction on q that Hq(K
′
•) = 0 for all q > 0. This proves
that f ′1, . . . , f
′
r is a regular sequence.
Conversely, start from liftings f ′1, . . . , f
′
r of f1, . . . , fr to S
′, and set J ′ def=
(f ′1, . . . , f
′
r) and S
′ def= RA′/J ′. We claim that SpecS′ is a lifting of Z to A′, that
is, that S′ is flat over A′ (by the argument above, this implies that f ′1, . . . , f
′
r is a
regular sequence). This is equivalent to saying that J ′/IJ ′ = J .
Let
∑
i a
′
if
′
i be an element of J
′ whose image
∑
i aifi in J is 0. Then, because
f1, . . . , fr is a regular sequence we can write (a1, . . . , ar) ∈ RnA′ as a linear combi-
nation of standard relations of the form
(0, . . . , 0, fj︸︷︷︸
ith place
, 0, . . . , 0, −fi︸︷︷︸
jth place
, 0, . . . , 0).
These lift to relations
(0, . . . , 0, f ′j︸︷︷︸
ith place
, 0, . . . , 0, −f ′i︸︷︷︸
jth place
, 0, . . . , 0)
among the f ′i . Hence (a
′
1, . . . , a
′
r) can be written as a relation among the f
′
i , plus
an element (b′1, . . . , b
′
r) ∈ (IRA′)n, so that
∑
i a
′
if
′
i =
∑
i b
′
if
′
i ∈ IJ ′. 
In particular, by applying this to the surjection A → k, we see that any lifting
of Z0 is a local complete intersection.
Now take a family U = {Ui}i∈I of open subschemes of X, such that Z is a
complete intersection in each of the corresponding open affine subschemes Vi =
Ui ×Spec Λ SpecA of XA and {Vi}i∈I is a cover of XA. By the Lemma, for each
index i we can choose a lifting Z ′i ⊆Wi = Ui ×Spec Λ SpecA′ of Z ∩ Vi ⊆ Vi.
For each pair of indexes i, j the restrictions Z ′i ∩ Wij and Z ′j ∩ Wij are both
liftings of Z ∩ Vij ⊆ Vij , so by Theorem 3.15 we have a unique element
hij ∈ I ⊗k TZ0∩UijHilbUij ' Γ(Z0 ∩ Uij , I ⊗k N0)
such that
(Z ′i ∩Wij ⊆Wij) + hij = Z ′j ∩Wij ⊆Wij .
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From the fact that the action of Γ(Z0 ∩ Uij , I ⊗k N0) on the liftings is free (and
compatible with restriction to open subsets, as can be easily checked), for every
triplet of indices i, j, k we have
hij + hjk = hik
so that {hij}i,j∈I is a Cˇech 1-cocycle for the sheaf I ⊗k N0 (notice that U ∩ Z0 =
{Z0 ∩ Ui}i∈I is an open affine cover of Z0).
Using a similar reasoning one checks that the cohomology class of this cocyle is
independent of the choice of the liftings Z ′i. We call this class ω(Z ⊆ XA, A′). As
in the preceding cases it is also easy to see that this class does not depend on the
choice of the open cover {Ui}i∈I , and that we have a lifting Z ′ ⊆ XA′ if and only
if ω(Z ⊆ XA, A′) = 0.
In fact this corresponds exactly to the situation in which the restrictions of the
liftings Z ′i on the intersections Wij are compatible, and can be used to define a
global lifting (notice that we do not have infinitesimal automorphisms, so in this
case these restrictions are equal, and not only isomorphic).
Finally the functoriality property is immediate from that of the action of the
tangent space. 
Proof of Proposition 3.35. The subscheme Z0 ⊆ Pnk has an obstruction theory with
space H1(Z0,N0), which in this case is trivial, as we already saw in the proof of
Proposition 3.29. In other words Z0 is unobstructed, so any Z ∈ HilbP
n
k
Z0
(A) can be
lifted along any small extension A′ → A. 
5.2.5. Quasi-coherent sheaves. Now we turn to the case of deformations of quasi-
coherent sheaves. Take Λ = k and the deformation category QCohX → (Artk)op,
and consider a quasi-coherent sheaf E0 ∈ QCohX(k) (notice that X0 = X in this
case).
Theorem 5.24. There is an obstruction theory (Vω, ω) for E0, with obstruction
space
Vω = Ext
2
OX (E0, E0) .
Proof. Take a small extension A′ → A with kernel I, and an object E ∈ QCohXE0(A),
which is a quasi-coherent sheaf on XA = X ×Spec k SpecA with an isomorphism
E ⊗A k ' E0. We construct the obstruction ω(E , A′).
Take the exact sequence of A′-modules
0 // I // mA′ // mA // 0
and notice that, since mA′ · I = 0, mA′ is also an A-module (and I is too because
I2 = (0)), so that the sequence above is also an exact sequence of A-modules. We
tensor it with E to get (by flatness)
0 // I ⊗k E0 // mA′ ⊗A E // mA ⊗A E // 0
(since I ⊗A E ' I ⊗k (k ⊗A E) ' I ⊗k E0) which is an element e ∈ Ext1OX (mA ⊗AE , I ⊗k E0).
We consider then the exact sequence of A-modules
0 // mA // A // k // 0
and tensor it with E , getting (by flatness again)
0 // mA ⊗A E // E // E0 // 0.
54 MATTIA TALPO AND ANGELO VISTOLI
This induces a long Ext exact sequence (taking HomOX (−, I ⊗k E0)) that contains
in particular the following piece
Ext1OX (E , I ⊗k E0)
γ // Ext1OX (mA ⊗A E , I ⊗k E0)
δ // Ext2OX (E0, I ⊗k E0).
We take as ω(E , A′) the element δ(e) ∈ Ext2OX (E0, I ⊗k E0) ' I ⊗k Ext2OX (E0, E0).
Now we have to verify that E has a lifting to A′ if and only if δ(e) = 0. Suppose
first that E has a lifting E ′ ∈ QCohXE0(A′). Then notice that mA′ ⊗A′ E ′ ' (mA′ ⊗A′
A)⊗A E ' mA′⊗A E (because mA′⊗A′A ' mA′ , since mA′ is already an A-module).
Tensoring the diagram with exact rows
0 // I // mA′ //

mA //

0
0 // I // A′ // A // 0
with E ′, we get
0 // I ⊗k E0 // mA′ ⊗A E //

mA ⊗A E //
f

0
0 // I ⊗k E0 // E ′ // E // 0
where the top row is the extension e obtained before.
But this diagram implies that e is obtained by pullback from an extension in
Ext1OX (E , I ⊗k E0) (the bottom row), so that it is in the image of the map γ; then
we have δ(e) = 0.
Conversely, suppose that δ(e) = 0. Then by exactness of the Ext long exact se-
quence above, e is in the image of the map γ. In other words we have a commutative
diagram of OX -modules with exact rows
(5.25) 0 // I ⊗k E0 // mA′ ⊗A E //
g

mA ⊗A E //
f

0
0 // I ⊗k E0 // F pi // E // 0
where F is an OX -module.
We define a structure of OXA′ -module on F in the following way: since
OXA′ ' OX ⊗k A′ ' OX ⊕ (mA′ ⊗k OX)
(because A′ ' k ⊕mA′ as a k-vector space) we only need to define x · s where x is
a section of mA′ ⊗k OX and s one of F . Given two such sections x = a′ ⊗ t and s,
we define then
(a′ ⊗ t) · s = g(a′ ⊗ pi(ts)) ∈ F .
(notice that g is injective, since f is by flatness of E). It is readily checked that this
gives a structure of OXA′ -module to F . Moreover F is quasi-coherent, because it
is an extension of two quasi-coherent sheaves.
Finally, we notice that the natural homomorphism F ⊗A′ A → E induced by
F → E above is an isomorphism (it suffices to tensor the second row of (5.25) with
A over A′), and from the local flatness criterion (Theorem C.4) we have (as the
reader can check) that F is flat over A′.
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In conclusion, F is a lifting of E to A′. Functoriality of the obstruction defined
is immediate from the construction. 
If E0 is locally free, than we have
Ext2OX (E0, E0) ' H2(X, EndOX (E0))
and in this case (with the additional hypothesis that X is separated) Theorem 5.24
can be proved using Cˇech cohomology, in the same way as we did for Theorem 5.16.
In particular if X is affine, or of dimension at most 1, then every locally free
sheaf is unobstructed.
Exercise 5.26. Take the affine curve X0 ⊆ A2k over k defined by the equation
y2 = x2(x− 1)
so that the origin p = (0, 0) is a singular point of X0, and set E0 def= Op, the
pushforward of the structure sheaf of the point p = Spec k along the morphism
Spec k → X0 with image p. Consider the tangent cone CpX0 of X0 at p, which
is a union of two lines contained properly in the tangent space TpX0, which is
two-dimensional, and take a tangent vector v ∈ TpX0 \ CpX0.
We see v as a morphism v : Spec k[]→ X0 in the usual way, and notice that it
gives a section Spec k[]→ X of the structure morphism X → Spec k[] (where as
usual X is the trivial deformation of X0 over k[]).
Spec k[] v
%%
id
%%
&&M
MM
MM
X //

X0

Spec k[] // Spec k
Moreover the image of this section, call it Z1 ⊆ X, is closed, becauseX → Spec k[]
is a separated morphism.
Now set E1 def= OZ1 ∈ QCohX0E0 (k[]), which is again the pushforward on X of the
structure sheaf of Spec k[]. The sheaf E1 is flat over k[]. Arguing by contradiction,
show that there exists n ≥ 2 such E1 cannot be lifted to Rn = k[t]/(tn+1), so that
E0 must be obstructed.
6. Formal deformations
After developing tools to study infinitesimal deformations, in this section we
go one step further and put together infinitesimal deformations that are successive
liftings of a fixed ξ0 ∈ F(k) to higher and higher orders. A collection of such liftings
is said to be a formal deformation.
We will introduce particular types of formal deformations, called universal and
versal respectively, which play a key role in the theory. We will state and prove an
analogue of Schlessinger’s Theorem on existence of versal deformations for defor-
mation categories. Finally, we will give some applications to obstruction theories,
and consider briefly the problem of algebraization of formal deformations.
Throughout this section we will use some notation and results about noetherian
local complete Λ-algebras that can be found in Appendix B.
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6.1. Formal objects. Let F → (ArtΛ)op be a deformation category, and R ∈
(CompΛ) (recall that (CompΛ) denotes the category of noetherian local complete
Λ-algebras with residue field k). We want to consider sequences of compatible
deformations on the quotients Rn
def
= R/mn+1R : the idea is that SpecR should be
a little piece of the base scheme S of a deformation we are trying to construct
or study: for example it could be the spectrum of the completion of the local
ring OS,s0 of that base scheme at a point s0, and we consider then sequences of
compatible deformations on all the “thickenings” Spec(OS,s0/mn+1s0 ) of the point
s0 = Spec k(s0), hoping to get an actual deformation over Spec ÔS,s0 .
Definition 6.1. A formal object of F over R is a collection ξ = {ξn, fn}n∈N, where
ξn is an object of F(Rn) and fn : ξn → ξn+1 is an arrow of F over the canonical
projection pin : Rn+1 → Rn (or more properly over the arrow piopn of (ArtΛ)op cor-
responding to the projection, according to the notation described on page 17).
Sometimes we will call ξn the term of order n of ξ, and say that R is the base
ring of the formal object ξ. If we need to specify it in the notation, we will denote
a formal object as above by (R, ξ).
The condition of having fixed arrows fn : ξn → ξn+1 reflects the fact that the
objects ξn are compatible, in the sense that if n ≥ m, then the pullback of ξn to
Rm along the projection Rn → Rm is isomorphic to ξm, and moreover we have a
canonical isomorphism, coming from the composite ξm → ξm+1 → · · · → ξn of the
given arrows.
We also remark that a formal deformation is determined up to a unique isomor-
phism by the objects ξn and the arrows ξn → ξn+1 for n ≥ n0, for any natural
number n0. This is because ξn determines all the ξi’s with i ≤ n, by taking pull-
backs along the projections Rn → Ri.
Definition 6.2. A morphism α : ξ → η of formal objects over R, where ξ =
{ξn, fn}n∈N and η = {ηn, gn}n∈N is a collection α = {αn}n∈N of arrows αn : ξn →
ηn of F(Rn), such that for every n the diagram
ξn
fn //
αn

ξn+1
αn+1

ηn gn
// ηn+1
commutes.
As with objects, αn will sometimes be called the term of order n of α.
Formal objects over a fixed R with morphisms form a category (composition of
arrows is defined as composition at each order), which we call the category of formal
objects over R and denote by F̂(R).
Here we used the canonical filtration {mnR}n∈N, but to define a formal object we
can use any filtration that defines the right topology on R. Let A = {In}n∈N be a
filtration of R, that is, a sequence of ideals In such that In ⊆ Im whenever n ≥ m,
and inducing on R the same topology as the canonical filtration.
We can consider then a category F̂A(R) of formal objects over R with respect
to the filtration A, defined as above, but using the quotients R/In instead of Rn =
R/mn+1R .
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Exercise 6.3. For any R and filtration A = {In}n∈N that defines the mR-adic
topology on R, the categories F̂A(R) and F̂(R) are equivalent.
This says that we can use any filtration as above to define a formal object of F
over R.
The notation F̂(R) suggests that we want to consider a fibered category F̂ →
(CompΛ)
op, which is indeed the case.
Definition 6.4. A morphism α : (R, ξ) → (S, η) of formal objects of F , where
ξ = {ξn, fn}n∈N and η = {ηn, gn}n∈N, is a pair (α,ϕ), where ϕ : S → R is a
homomorphism, and α = {αn}n∈N is a collection of arrows αn : ξn → ηn of F over
ϕn : Sn → Rn, such that for every n the diagram
ξn
fn //
αn

ξn+1
αn+1

ηn gn
// ηn+1
commutes.
Again, sometimes we will call αn the term of order n of (α,ϕ). We stress that a
morphism between formal objects (R, ξ) → (S, η) determines a homomorphism in
the opposite direction S → R (the same happens in the case of infinitesimal defor-
mations, where for ξ ∈ F(A) and η ∈ F(A′), an arrow ξ → η gives a homomorphism
A′ → A).
We define a category F̂ , and call it the category of formal objects of F : its
objects are formal objects (R, ξ), and an arrow (R, ξ) → (S, η) is a morphism of
formal objects. We have a functor F̂ → (CompΛ)op that takes (R, ξ) to R and an
arrow (α,ϕ) : (R, ξ)→ (S, η) to the arrow ϕop from R to S.
Proposition 6.5. F̂ → (CompΛ)op is a category fibered in groupoids.
The proof is easy, so we leave the details as an exercise: given a homomorphism
ϕ : S → R in (CompΛ), and a formal object η = {ηn, gn}n∈N over S, we can define
a pullback to R by taking pullbacks of the single terms ηn, and pullbacks of the
arrows gn. This shows that F̂ → (CompΛ)op is a fibered category. The fact that
each F̂(R) is a groupoid follows from the fact that F is fibered in groupoids.
If we have two deformation categories F → (ArtΛ)op and G → (ArtΛ)op, and
a morphism F : F → G, then there is a natural induced morphism F̂ : F̂ → Ĝ of
categories fibered in groupoids: a formal object ξ = {ξn, fn}n∈N of F over R goes
to the formal object F̂ (ξ) = {F (ξn), F (fn)}n∈N of G over the same R, and an arrow
α = {αn}n∈N goes to the arrow F̂ (α) = {F (αn)}n∈N. It is immediate to check that
this is well-defined, and gives a morphism of categories fibered in groupoids.
Now we show that F is a subcategory of F̂ . First notice that if A ∈ (ArtΛ), then
in particular A ∈ (CompΛ), so we can consider the fiber category F̂(A).
Proposition 6.6. We have an equivalence of categories F̂(A) ' F(A). More-
over these equivalences give rise to an equivalence of categories fibered in groupoids
F : F → F̂|(ArtΛ)op , so that F can be regarded as a full subcategory of F̂ .
Proof. In the statement above with F̂ |(ArtΛ)op we mean the full subcategory of F̂
whose objects are formal objects (A, ξ) of F with A ∈ (ArtΛ).
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The idea of the proof is quite clear: since A is artinian its maximal ideal mA is
nilpotent, so that there exists an m such that mm+1A = (0), and then Ai = A for all
i ≥ m; because of this, a formal deformation will be completely determined (up to
isomorphism) by its term of order m.
There is an obvious functor F : F̂(A) → F(A) that carries a formal object
{ξn, fn}n∈N into the object ξm ∈ F(A), and an arrow α = {αn} : {ξn, fn}n∈N →
{ηn, gn}n∈N into αm : ξm → ηm.
We construct a quasi inverse G : F(A) → F̂(A) as follows: given an object
ξ ∈ F(A), for i ≤ m − 1 we can consider the pullbacks ξi of ξ along the quotient
maps A→ A/mi+1A = Ai, and the canonical arrows fi : ξi → ξi+1, identifying ξi as
a pullback of ξi+1, and for i ≥ m, we set ξi def= ξ ∈ F(A), and fi = id: ξ → ξ. Then
G(ξ) = {ξn, fn}n∈N is an object of F̂(A). Moreover, if η is another object of F(A),
with G(η) = {ηn, gn}n∈N, and α : ξ → η is an arrow in F(A), we define an arrow
G(α) = {αn}n∈N : G(ξ) → G(η), taking for i ≤ m − 1 the arrow αi : ξi → ηi that
is the pullback of α : ξ → η to Ai, and for i ≥ m, since ξi = ξ and ηi = η, we take
simply α : ξ → η.
The reader can check that G and F are quasi-inverse to each other, and that
varying A ∈ (ArtΛ) we get a morphism F : F̂ |(ArtΛ)op → F , which is an equivalence
of categories fibered in groupoids (use Proposition 2.22). 
Because of the preceding Proposition, we can talk about arrows from an object
ξ over A ∈ (ArtΛ) to a formal object η = {ηn, gn}n∈N over R ∈ (CompΛ), using the
identification above.
In particular giving an arrow ξ → η corresponds to giving a homomorphism
ϕ : R→ A of Λ-algebras, and an isomorphism ξ ' (ϕm)∗(ηm) in F(A), where m is
the order of A, so that ϕm is a homomorphism ϕm : Rm → A. A pullback of η to
A is (ϕm)∗(ηm) ∈ F(A), where m is as above.
Finally, if A ∈ (ArtΛ) and ξ ∈ F(A), we will sometimes write (A, ξ) for the
corresponding object in F̂(A) defined in the proof above.
Remark 6.7. Here we point out (using again the identification given by Proposi-
tion 6.6) that giving a morphism of formal objects is equivalent to giving a sequence
of morphisms from the artinian quotients of the source, compatible with the pro-
jections.
Let (R, ξ), (S, η) be two formal objects of F , where ξ = {ξn, fn}n∈N and η =
{ηn, gn}n∈N; call A the set of arrows (R, ξ)→ (S, η) in F̂ , and B the set of sequences
{hn}n∈N of morphisms of formal objects hn : (Rn, ξn)→ (S, η) such that for every
n the composite
(Rn, ξn) −→ (Rn+1, ξn+1) hn+1−−−→ (S, η)
coincides with hn.
There is a natural map A → B sending a morphism (R, ξ) → (S, η) into the
sequence of composites (Rn, ξn) → (R, ξ) → (S, η). Conversely given a sequence
hn as above, the arrow hn : (Rn, ξn)→ (S, η) of F̂ corresponds to an isomorphism
between ξn and the pullback of ηn ∈ F(Sn) to Rn, which gives an arrow αn : ξn →
ηn of F . The fact that {hn}n∈N has the compatibility property above ensures that
α = {αn}n∈N gives an arrow of formal objects α : (R, ξ) → (S, η), and this gives a
map B → A that is clearly inverse to the previous one.
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6.1.1. Formal objects as morphisms. Now we change point of view, and describe
formal objects as morphisms of categories fibered in groupoids. For an object
R ∈ (CompΛ) consider the opposite (ArtR)op of the category of local artinian R-
algebras with residue field k, or equivalently the opposite of the category of objects
A ∈ (ArtΛ) with a homomorphism of Λ-algebras R→ A.
There is an obvious functor (ArtR)
op → (ArtΛ)op that sends an object A of
(ArtR)
op into the Λ-algebra A defined by the composite Λ → R → A (where
R → A defines the structure of R-algebra on A), and an arrow (A → B)op in
(ArtR)
op to “itself” (that is, to the opposite of the homomorphism A→ B seen as
a homomorphism of Λ-algebras).
Proposition 6.8. (ArtR)
op → (ArtΛ)op is a deformation category. Moreover its
tangent space TR→k(ArtR)op at the unique object R → k over k is isomorphic to
the vertical tangent space of R
TR→k(ArtR)op ' TΛR = (mR/(mΛR+m2R))∨ .
Proof. It is easy to check that (ArtR)
op → (ArtΛ)op is a deformation category, so
we only calculate the tangent space.
Notice first that (ArtR)
op(k) = HomΛ(R, k) has precisely one element, which
is the quotient map R → k. To find the tangent space, we consider the functor
F : (FVectk)→ (Set) that associates to V ∈ (FVectk) the set F (V ) def= HomΛ(R, k⊕
V ), and acts on arrows by pullback.
We will show that there is a functorial bijection
F (V ) ' V ⊗k TΛR
where TΛR is the vertical tangent space of R
TΛR = (mR/(mΛR+m
2
R))
∨ .
This will give an isomorphism TR→k(ArtR)op ' TΛR.
We construct a function F (V ) → V ⊗k TΛR. Take a homomorphism of Λ-
algebras ϕ : R → k ⊕ V . We can restrict ϕ to the maximal ideal mR of R to
get a function ϕ : mR → V , and since ϕ(mΛR + m2R) = 0 (for ϕ(mΛR) = 0 and
ϕ(m2R) = 0, respectively because of Λ-linearity of ϕ and V
2 = (0)), we can pass ϕ
to the quotient to get a k-linear function
fϕ : mR/(mΛR+m
2
R) −→ V
which is an element of
Homk(mR/(mΛR+m
2
R), V ) ' V ⊗k (mR/(mΛR+m2R))∨ .
Conversely, suppose we have an element of V ⊗k (mR/(mΛR + m2R))∨ that corre-
sponds then to a k-linear function
f : mR/(mΛR+m
2
R) −→ V .
Since mR/(mΛR + m
2
R) ' mR/m2R (where R = R/mΛR, see Appendix B), we can
consider the composite g : mR → mR/(mΛR+m2R)→ V , and define ϕf : R→ k⊕V
as
ϕf (r)
def
= pi(r) + g(pi′(r)− pi(r)) .
where pi : R → k and pi′ : R → R/mΛR = R are the quotient maps (we are using
the fact that R is a k-algebra, so pi(r) ∈ R).
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It can readily be checked that these two functions are inverse to each other, and
we have our bijection. Functoriality is immediate. 
Now consider a morphism ξ : (ArtR)
op → F of deformation categories. From ξ we
get a formal object of F over R, taking ξn = ξ(Rn), and fn = ξ((Rn+1 → Rn)op)
(where Rn+1 → Rn is the projection), and if we have a base-preserving natural
transformation α : ξ → η between two morphisms (ArtR)op → F we get an arrow
α : {ξn, fn}n∈N → {ηn, gn}n∈N taking αn = α(Rn) : ξn → ηn.
This association gives a functor Φ: Hom((ArtR)
op,F) → F̂(R), defined by
Φ(ξ) = {ξn, fn}n∈N and Φ(α) = {αn}n∈N. We have the following “Yoneda-like”
Proposition.
Proposition 6.9. The functor Φ is an equivalence of categories.
Proof. We construct a quasi-inverse Ψ: F̂(R) → Hom((ArtR)op,F) to Φ. Given
a formal object ξ = {ξn, fn}n∈N, we get a morphism Fξ : (ArtR)op → F in the
following way: if A ∈ (ArtR)op we associate with A the pullback ξA = (ϕm)∗(ξm) ∈
F , where m is the order of A and ϕm : Rm → A is the homomorphism induced
by R → A. On arrows, if we have a homomorphism ϕ : A → B in (ArtR), the
commutative diagram
ξm_

ξAoo _

ξn_

bbEEEEE
ξBoo _

ξϕ
bbE
E
E
Rm
""E
EE
EE
// A
ϕ
""E
EE
EE
E
Rn // B.
gives (by pullback in F) an arrow ξϕ : ξB → ξA of F over ϕ (as an arrow in (ArtΛ)).
This defines a morphism Fξ : (ArtR)
op → F . With an arrow α = {αn}n∈N : ξ →
η between two formal objects over R, where η = {ηn, gn}n∈N, we associate a natural
transformation Fα : Fξ → Fη. Given an object A ∈ (ArtR)op of order m, we define
an arrow Fα(A) : Fξ(A) → Fη(A) simply as the pullback of αm : ξm → ηm, along
the homomorphism Rm → A. Standard arguments show that this gives a natural
transformation, and this completes the definition of Ψ.
Routine verifications using the universal property of pullbacks prove that Ψ and
Φ are quasi-inverse to each other, and then our result. 
So giving a formal object of F over R is equivalent to giving a morphism of
deformation categories (ArtR)
op → F . From now on we will use both these points
of view.
In particular we will use the same symbol for a formal object and for the as-
sociated morphism, and if ξ : (ArtR)
op → F is a formal object and ϕ : R → A a
homomorphism of Λ-algebras, we will denote by ξϕ (or simply ξR→A when there is
no possibility of confusion) the object ξ(R→ A) of F(A).
We get the following corollary (which is an analogue of the “weak” Yoneda’s
Lemma), simply by taking F = (Art′R).
Corollary 6.10. There is a bijection Hom
(
(ArtR)
op, (Art′R)
op
) ' HomΛ(R′, R)
which respects composition.
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In particular (ArtR)
op and (Art′R)
op are equivalent as fibered categories if and
only if R ad R′ are isomorphic as Λ-algebras.
By “respects composition” above we mean the following: if R′′ is an object
of (CompΛ), and F : (ArtR)
op → (Art′R)op, G : (Art′R)op → (Art′′R)op are two
morphisms corresponding to ϕ : R′ → R and ψ : R′′ → R′ respectively, then
G ◦ F ∈ Hom((ArtR)op, (Art′′R)op) corresponds to ϕ ◦ ψ ∈ HomΛ(R′′, R).
Notice also that Hom((ArtR)
op, (Art′R)
op) is a set, since (Art′R)
op is fibered in
sets. As to the proof, bijectivity is immediate from Proposition 6.9, and the part
about respecting composition is easy.
Remark 6.11. From this description of formal objects we get another interpreta-
tion of the pullback: if (R, ξ) is a formal object of F , and ϕ : R→ S is a homomor-
phism in (CompΛ), then from the last corollary we have an associated morphism
ϕ : (ArtS)
op → (ArtR)op, and we can consider the composite
(ArtS)
op ϕ−→ (ArtR)op ξ−→ F
which is a formal object of F over S. One can easily see that this formal object is
(up to a unique isomorphism) precisely the pullback of ξ to S along ϕ.
6.1.2. The Kodaira–Spencer map. Given a formal object (R, ξ) of F , we can con-
sider the differential at the only object over k of (ArtR)
op of the corresponding
morphism ξ : (ArtR)
op → F .
Definition 6.12. The k-linear function dR→kξ : TR→k(ArtR)op → Tξ0F is called
the Kodaira–Spencer map of the formal object (R, ξ). We will usually denote it by
κξ : TΛR→ Tξ0F .
More explicitly, the Kodaira–Spencer map can be described in the following way:
if ϕ : R→ k[] is an element of TR→k(ArtR)op (we do not need to take isomorphism
classes here, for (ArtR)
op is fibered in sets), the image κξ(ϕ) is the isomorphism
class of the pullback of the formal object ξ along the map ϕ.
Notice that, since 2 = 0 and by Λ-linearity, ϕ will factor through the quotient
map R→ R1, and κξ(ϕ) can be described as the isomorphism class of the pullback
of ξ1 ∈ F(R1) along the induced map R1 → k[], where ξ1 is the pullback of the
formal object ξ along the quotient map above.
There is another natural k-linear map TΛR → Tξ0F associated with (R, ξ),
defined in the following way: consider the object ξ1 ∈ F(R1) as above. This is a
lifting of ξ0 to R1, and since R1 is a k-algebra, we can compare it to the trivial
lifting ξ0|R1 of ξ0 to R1.
Since these objects are liftings of ξ0 to R1, and
0 // mR/m
2
R
// R1 // k // 0
is a small extension, we get an element
[ξ1]− [ξ0|R1 ] ∈ (mR/m2R)⊗k Tξ0F
(using the notation introduced in Remark 3.16) that we call the Kodaira–Spencer
class of ξ, and denote by kξ.
This element corresponds to a k-linear function
TΛR ' (mR/m2R)∨ −→ Tξ0F .
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Exercise 6.13. Show that this last map coincides with the Kodaira–Spencer map
κξ of ξ.
This fact shows in particular that κξ is completely determined by the first-order
term ξ1 ∈ F(R1) of ξ, because this determines ξ1 ∈ F(R1) up to isomorphism.
Conversely, by the freeness of the action, ξ1 is determined (up to isomorphism)
once we know κξ.
The following functoriality property is an immediate consequence of Proposi-
tion 3.18. Take two objects R,S of (CompΛ), a homomorphism ϕ : R → S, and
ξ = {ξn, fn}n∈N a formal object of F over R.
Call ϕ1 : R1 → S1 the induced homomorphism, which in turn induces a mor-
phism of small extensions
0 // mR/m
2
R
//
ψ

R1
//
ϕ1

k //

0
0 // mS/m
2
S
// S1 // k // 0.
Recall also that ϕ induces a differential dϕ : TΛS → TΛR that is the adjoint of the
codifferential ψ : mR/m
2
R
→ mS/m2S (see Appendix B).
Proposition 6.14. We have the following relations between the Kodaira–Spencer
maps and classes of ξ ∈ F̂(R) and of the pullback ϕ∗(ξ) ∈ F̂(S).
• kϕ∗(ξ) = (ψ ⊗ id)(kξ) ∈ mS/m2S ⊗k Tξ0F .
• κϕ∗(ξ) = κξ ◦ dϕ : TΛS = (mS/m2S)∨ → Tξ0F .
6.2. Universal and versal formal deformations. Like the classical Yoneda’s
Lemma, Proposition 6.9 lets us speak of “universal formal objects” for a deformation
category F .
Definition 6.15. A universal formal object over R ∈ (CompΛ) for F is a formal
object ξ ∈ F̂(R), such that the corresponding ξ : (ArtR)op → F is an equivalence of
categories fibered in groupoids over (ArtΛ)
op.
Thanks to Proposition 2.22, ξ is a universal formal object if and only if the
induced morphism ξA : (ArtR)
op(A)→ F(A) is an equivalence for every A ∈ (ArtΛ),
or equivalently if and only if for every A ∈ (ArtΛ) and η ∈ F(A) there exist a unique
homomorphism of Λ-algebras R→ A and a unique isomorphism ξR→A ' η in F(A).
This can also be restated by saying that for every A ∈ (ArtΛ) and η ∈ F(A) there
is a unique arrow (A, η)→ (R, ξ) of formal objects in F̂ .
Using Remark 6.7 we see that the above universal property can be strengthened
to: for every formal object (S, η) of F there exists a unique arrow (S, η)→ (R, ξ).
That is, every formal object can be obtained as pullback of (R, ξ), in a unique way.
This can easily be checked by considering the sequence of arrows hn : (Sn, ηn) →
(R, ξ) coming from the “weak” universal property above, and noticing that they
are necessarily compatible because of uniqueness.
Using this last universal property it is easy to check that two universal deforma-
tions are canonically isomorphic.
Definition 6.16. We say that a deformation category F → (ArtΛ)op is prorepre-
sentable if it is equivalent to a deformation category of the form (ArtR)
op for some
R ∈ (CompΛ), or equivalently if F has a universal formal object (R, ξ).
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Since (ArtR)
op is a category fibered in sets, a necessary condition for a deforma-
tion category F → (ArtΛ)op to be prorepresentable is that F should be fibered in
equivalence relations. Other necessary conditions are that F(k) should be a trivial
groupoid, because it will be equivalent to a singleton, and F should have finite-
dimensional tangent space Tξ0F at any (actually it suffices that this holds for one,
given the former condition) object ξ0 ∈ F(k), because dimk TΛR is finite.
The main result of this section is that the converse also holds.
Theorem 6.17 (Schlessinger). Let F → (ArtΛ)op be a deformation category. Then
F → (ArtΛ)op is prorepresentable if and only if:
(a) F(k) is a trivial groupoid.
(b) Tξ0F is finite-dimensional for any ξ0 ∈ F(k).
(c) Inf(ξ0) is trivial for any ξ0 ∈ F(k).
This is an analogue of Schlessinger’s Theorem 2.10 for deformation categories,
even though there are no direct implications between the two. We will prove the
Theorem in §6.3, after discussing miniversal deformations.
Example 6.18. As a simple example, suppose that X is a quasi-projective scheme
over k, set Λ = k, and consider the deformation category HilbX → (Artk)op.
Let Z0 be a closed subscheme of X which is proper over Spec k, and notice that
the deformation category HilbXZ0 → (Artk)op of objects restricting to Z0 over k
meets all hypotheses of Theorem 6.17: we have already seen that InfZ0(HilbX) = 0,
clearly the only object over k is Z0 itself, and the tangent space TZ0HilbX '
H0(Z0,N0) is finite-dimensional over k. Then we can conclude that the deformation
category HilbXZ0 → (Artk)op is prorepresentable.
We can see this in a more concrete way: the deformation category (which is
fibered in sets) HilbX → (Artk)op comes from a functor, called the Hilbert functor
of X, and denoted by HilbX : (Schk) → (Set); a theorem of Grothendieck (see for
example [FGI+05, Chapter 5]) states that if X is quasi-projective this functor is
represented by a scheme, called the Hilbert scheme of X, which we still denote by
HilbX ∈ (Schk).
The closed subscheme Z0 corresponds then to a point in the Hilbert scheme, Z0 ∈
HilbX . Since HilbX represents the Hilbert functor, every object Z ∈ HilbXZ0(A)
corresponds to a morphism SpecA→ HilbX with image Z0, which factors through
Spec ÔHilbX ,Z0 , by the usual argument. In particular the resulting homomorphism
ÔHilbX ,Z0 → A gives an object of (ArtÔHilbX,Z0 )
op.
This gives a morphism
HilbXZ0 −→ (ArtÔHilbX,Z0 )
op
of deformation categories, which is easily seen to be an equivalence. Then HilbXZ0
is prorepresentable, as we already knew from Theorem 6.17. The universal formal
object (R,Z) in this case has R = ÔHilbX ,Z0 , and the term of order n of the formal
deformation Z = {Zn, fn}n∈N over R is the pullback to Spec(OHilbX ,Z0/mn+1HilbX ,Z0)
of the universal closed subscheme of HilbX .
Notice the following fact. Let F : (ArtΛ) → (Set) be the functor of isomor-
phism classes of a deformation category F → (ArtΛ)op. If F is prorepresentable,
say equivalent to (ArtR)
op for R ∈ (CompΛ), then F is equivalent to the functor
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HomΛ(−, R) : (ArtΛ)op → (Set), so it is prorepresentable. On the other hand, there
is no reason why F being prorepresentable should imply that Inf(ξ0) is trivial. For
example, consider the deformation category DefPnk → (ArtΛ)op, for n > 0 and any
Λ. Then H1(Pn, TPnk ) = 0, so its tangent space is trivial, and every lifting of P
n
k to
any A is isomorphic to PnA, so the functor of isomorphism classes is prorepresented
by Λ, and on the other hand the infinitesimal tangent space H0(Pn, TPnk ) is not zero,
so the isomorphism is not unique, and DefPnk is not prorepresentable.
This is a very simple example in which the fibered category gives somewhat
finer information than the corresponding deformation functor, which doesn’t take
automorphisms into account. However, we see from the following criterion that the
prorepresentability of the functor of isomorphism classes has a simple interpretation
in terms of the fibered category.
Exercise 6.19. Let F → (ArtΛ)op be a deformation category. Show that the
functor F : (ArtΛ) → (Set) of isomorphism classes of F is prorepresentable if and
only if the following conditions are satisfied.
(a) The groupoid F(k) is connected (i.e., all objects of F(k) are isomorphic).
(b) Tξ0F is finite-dimensional for any ξ0 ∈ F(k).
(c) If A′ → A is a small extension in (ArtΛ), ξ′ is an object over A′, and ξ is
a pullback of ξ′ to A, then the induced group homomorphism AutA′(ξ′) →
AutA(ξ) is surjective.
Hint: assuming (a) and (b), F is prorepresentable if and only if it it satisfies the
RS condition.
Condition (c) says that for any small extension A′ → A, the induced functor
F(A′) → F(A) is full. It can also be expressed as saying that automorphisms of
objects of F are unobstructed.
6.2.1. Versal objects. The condition of not having infinitesimal automorphisms pre-
vents many deformation categories from being prorepresentable. However, there is
a very useful substitute for universal deformations, which does exist quite often.
Definition 6.20. Let F → (ArtΛ)op be a deformation category. A formal object
(R, ρ) of F is called versal if the following lifting property holds: for every small
extension ϕ : A′ → A in (ArtΛ), every diagram of formal objects
(A′, ξ′)

ko
t
y


(R, ρ) (A, ξ)oo
OO
can be filled with a dotted arrow.
It is easy to check that a formal object (R, ρ) is universal if and only if for any
diagram as above there exists a unique dotted arrow making it commutative. So
universal deformations are versal.
Proposition 6.21. Let F → (ArtΛ)op be a deformation category, and (R, ρ) a
versal formal object. Then the lifting property of the definition above also holds for
all surjections A′ → A in (CompΛ).
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Proof. First of all, it is easy to see that the lifting property will hold when A′ → A
is a surjection in (ArtΛ), as usual by factoring A
′ → A into a composite of small
extensions and lifting the morphism successively.
Let A′ → A be a surjection in (CompΛ), and we write ξ = {ξn, fn} and ξ′ =
{ξ′n, f ′n}n∈N. Let us show inductively that for each n we can find a morphism of
formal objects gn : (A
′
n, ξ
′
n)→ (R, ρ) such that for all n the composite
(A′n, ξ
′
n) −→ (A′n+1, ξ′n+1)
gn+1−−−→ (R, ρ)
coincides with gn, and the diagram
(A′n, ξ
′
n)
gn

(R, ρ) (An, ξn)oo
OO
commutes.
Suppose we have constructed gn, and consider the diagram
R
""
!!
!!D
D
D
D
D
B //

A′n

An+1 // An
where the maps from R are the homomorphism R → A′n coming from gn and the
one R → An+1 associated with (A, ξ) → (R, ρ), and B is the fibered product.
Taking the pullback of ρ to B along the dotted homomorphism above we get an
object η ∈ F(B) restricting to ξ′n on A′n and on ξn+1 on An+1.
Now notice that there is a homomorphism A′n+1 → B induced by the quotient
map A′n+1 → A′n and the map A′n+1 → An+1 coming from A′ → A, and which gives
a morphism of formal objects (B, η) → (A′n+1, ξ′n+1), fitting in the commutative
diagram
(A′n+1, ξ
′
n+1)
(B, η)
ggOOOOOOOOOOOOO
(A′n, ξ
′
n)oo
mm
(An+1, ξn+1)
OO
XX
(An, ξn).oo
OO
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Moreover from the fact that A′n+1 → B is a surjection in (ArtΛ) (as is readily
checked, using the surjectivity of A′n+1 → An+1), and from the diagram
(A′n+1, ξ
′
n+1)
gn+1
  
m
q
u
z

(R, ρ) (B, η)oo
OO
by versality of (R, ρ) we get the dotted morphism gn+1 : (A
′
n+1, ξ
′
n+1)→ (R, ρ) that
has the desired properties.
Finally, notice that by Remark 6.7 the sequence {gn}n∈N of compatible mor-
phisms induces a morphism of formal objects (A′, ξ′)→ (R, ρ) that gives the desired
lifting. 
Notice that the dotted arrow in the diagram of Definition 6.20 will give a lifting
R → A′ of the map R → A, and conversely the existence of such a lifting implies
at least that the deformation ξ will lift to A′ (just by taking the pullback of ρ).
In other words in presence of a versal deformations the problem of lifting objects
becomes a problem of lifting maps of Λ-algebras. From this remark we will get a
criterion to decide wether a deformation problem is obstructed or not, knowing a
versal deformation (see Proposition 6.27).
As in the case of deformation functors, the property of being versal can be
restated as a smoothness condition.
Definition 6.22. Let F → (ArtΛ)op and G → (ArtΛ)op be two deformation cate-
gories, and F : F → G be a morphism. We say that F is formally smooth if for
every surjection A′ → A in (ArtΛ) the functor F(A′)→ F(A)×G(A) G(A′) induced
by the diagram
F(A′) //
FA′

F(A)
FA

G(A′) // G(A)
is essentially surjective.
Remark 6.23. The composite of smooth morphisms of deformation categories is
easily seen to be formally smooth.
Remark 6.24. It follows easily by induction that to see that a morphism is formally
smooth it is enough to check the condition when A′ → A is small.
The term “smooth” comes from the fact that if F and G are deformation cat-
egories corresponding to the functors of points of two schemes X and Y , then a
morphism X → Y locally of finite type is smooth if and only if the corresponding
morphism F → G is formally smooth. This is the so-called “infinitesimal smooth-
ness criterion” of Grothendieck (see [Gro71, Expose´ III, The´ore`me 3.1]).
Exercise 6.25. Let F → (ArtΛ)op be a deformation category. Show that a formal
object (R, ρ) of F is versal if and only if the corresponding morphism ρ : (ArtR)op →
F is formally smooth.
Here are two immediate properties of versal deformations.
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Proposition 6.26. Let F → (ArtΛ)op be a deformation category, and (R, ρ) a
versal formal object of F . Then:
(i) For every formal object (S, ξ) restricting to ρ0 on k there is a morphism
(S, ξ)→ (R, ρ) (in particular this also holds if S ∈ (ArtΛ)).
(ii) The Kodaira–Spencer map κρ : TΛR→ Tρ0F is surjective.
Proof. The first part of the statement is immediate from Proposition 6.21, where
we consider as surjection the quotient map S → k, and the diagram
(S, ξ)

ko
t
y
 

(R, ρ) (k, ρ0)oo
OO
that identifies ρ0 as the pullback of ρ and ξ over k.
Now we prove (ii): take a vector v ∈ Tρ0F , the usual ring of dual numbers k[],
and consider the element of () ⊗k Tρ0F corresponding to v. We can then find an
object ξ ∈ Fρ0(k[]) such that
[ξ]− [ρ0|k[]] = v ∈ ()⊗k Tρ0F
(simply by taking a representative of [ρ0|k[]] + v, where this is the usual action of
Theorem 3.15) which is the same as saying that the Kodaira–Spencer map κξ : k '
()∨ → Tρ0F of the formal object (k[], ξ) sends 1 into v.
By the first part of the Proposition we get a morphism of formal objects
(k[], ξ)→ (R, ρ)
(and in particular a homomorphism ϕ : R→ k[]) that identifies ξ as a pullback of
ρ, and from the second part of Proposition 6.14 we get
v = κξ(1) = κρ(dϕ(1))
where dϕ : k → TΛR is the differential induced by ϕ. From this we see that v is in
the image of κρ, and thus this map is surjective.
Alternatively, this follows immediately from Exercise 6.25. 
In particular if F admits a versal object (R, ρ), then the tangent space Tρ0F is
finite-dimensional.
Now we state the anticipated criterion to recognize unobstructed objects.
Proposition 6.27. Let F → (ArtΛ)op be a deformation category, and (R, ρ) a
versal formal object of F . Then ρ0 is unobstructed if and only if R is a power
series ring over Λ.
The proof, which we leave as an exercise, is a simple application of the smooth-
ness criterion in Theorem B.7: the algebra R ∈ (CompΛ) is a power series ring over
Λ if and only if for any homomorphism ϕ : R → A with A ∈ (ArtΛ), and small
extension ψ : A′ → A, there exists a lifting λ : R→ A′, that is, a homomorphism λ
such that ψ ◦ λ = ϕ.
Exercise 6.28. Prove Proposition 6.27.
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6.2.2. Miniversal objects. The second part of Proposition 6.26 suggests us to con-
sider versal deformations where R is as “small” as possible, and leads us to the
following definition.
Definition 6.29. A versal formal object (R, ρ) of F is called minimal if the
Kodaira–Spencer map κρ : TΛR→ Tρ0F is an isomorphism.
A versal minimal formal object is in short called miniversal ; Schlessinger calls
the corresponding concept for deformation functors a hull. Sometimes we will also
say that (R, ρ) is a miniversal deformation of ρ0 ∈ F(k).
Now we show that all universal deformations are miniversal, and that miniversal
deformations are all isomorphic.
Proposition 6.30. Let F → (ArtΛ)op be a deformation category. Then:
(i) Any universal formal object of F is miniversal.
(ii) Any two miniversal formal objects of F with the same pullback to k are iso-
morphic.
Remark 6.31. The isomorphism whose existence is asserted in (ii) is, unfortu-
nately in general non-canonical.
Proof. We start by proving (i): it is clear that a universal object is in particular
versal (and moreover the lifting morphism in the versality property will be unique),
so we only have to prove that if (R, ρ) is a universal formal object of F , then the
Kodaira–Spencer map κρ : TΛR → F is an isomorphism, and this follows from the
fact that κρ is the differential of an equivalence of deformation categories.
For the second statement, take two miniversal objects (R, ρ) and (S, ν) such that
ρ0 and ν0 are isomorphic. By Proposition 6.26 we have two morphisms of formal
objects (R, ρ) → (S, ν) and (S, ν) → (R, ρ), and we call ϕ : S → R and ψ : R → S
the corresponding homomorphisms.
By functoriality of the Kodaira–Spencer map and minimality of (R, ρ) and (S, ν),
the two differentials dϕ : TΛR → TΛS and dψ : TΛS → TΛR will be isomorphisms
(so the codifferentials are also), and from Corollary B.3 we get that ψ and ϕ are
isomorphisms. In conclusion (R, ρ) and (S, ν) are isomorphic formal objects. 
In particular, the rings over which two miniversal deformations of a same object
over k are defined, are isomorphic.
The following exercise characterizes versal deformations in term of a miniversal
one.
Exercise 6.32. Let F → (ArtΛ)op be a deformation category, (R, ρ) a miniversal
formal object of F , and consider the power series algebra on n indeterminates
S = R[[x1, . . . , xn]] ∈ (CompΛ), with the inclusion i : R → S. Then show that the
formal object (S, i∗(ρ)) obtained by pullback is versal.
Conversely, show that if (P, ξ) is a versal formal object of F restricting to ρ0 on
k, and the kernel of κξ : TΛP → Tξ0F has dimension n, then (P, ξ) is isomorphic to
the formal object (S, i∗(ρ)) above.
6.3. Existence of miniversal deformations. Now we give an analogue of the
“existence of hulls” part of Schlessinger’s Theorem, in the context of deformations
categories.
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Theorem 6.33. Let F → (ArtΛ)op be a deformation category, and ξ0 ∈ F(k) be
such that the tangent space Tξ0F is finite-dimensional. Then F admits a miniversal
formal object (R, ρ), with ρ0 ' ξ0.
Moreover if n is the dimension of Tξ0F , then R will be a quotient P/I of the
power series ring P = Λ[[x1, . . . , xn]] on n indeterminates, with I ⊆ mΛP +m2P .
Proof. First of all we notice that it is sufficient to find a formal object (R, ρ) such
that the Kodaira–Spencer map κρ : TΛR→ Tξ0F is an isomorphism, and for every
small extension A′ → A with a diagram
(A′, ξ′)
(R, ρ) (A, ξ)oo
OO
of formal objects, the homomorphism R→ A lifts to R→ A′.
To show this one uses the fact that the Kodaira–Spencer map κρ is an isomor-
phism and the functoriality property of the action of the tangent space on liftings
(Proposition 3.20) to “adjust” the lifting homomorphism R → A′, so that the
pullback of ρ to A′ is isomorphic to ξ′ (the details are left to the reader).
Now we will construct a formal object (R, ρ) with the weaker lifting property
above.
Let E = T∨ξ0F be the dual of the tangent space Tξ0F , and let x1, . . . , xn be a
basis of E as a k-vector space. Set P
def
= Λ[[x1, . . . , xn]]. Then we have P 1 ' k⊕E;
let ρ1 ∈ F(P 1) be the universal first order lifting of ξ0 (see Example 3.19); this is
versal with respect to artinian Λ-algebras of the form k ⊕ V .
Now we will progressively extend ρ1 to a formal object on some bigger quotient of
P . We first define inductively a sequence of ideals Ii ⊆ P and objects ρi ∈ F(P/Ii)
(it is easy to check that all the quotients will be actually artinian) starting with
I1 = mΛP +m
2
P and ρ1 = ρ1.
Suppose we have In−1 and ρn−1 ∈ F(P/In−1). Consider the set A of ideals
I ⊆ P such that mP In−1 ⊆ I ⊆ In−1 and there exists a lifting ρ ∈ F(P/I) of ρn−1,
and take In to be the minimum element of A with respect to inclusion, that is,
every element of the set A contains In.
To show that such an element exists, we show that A is closed under intersection
(it is clearly nonempty, since In−1 satisfies the conditions). Noticing that ideals
mP In−1 ⊆ I ⊆ In−1 correspond to subspaces of the finite-dimensional k-vector
space In−1/mP In−1, we only have to show that A is closed under finite (or pairwise)
intersection.
So suppose I, J ∈ A, with η ∈ F(P/I) and σ ∈ F(P/J); working in the k-
vector space In−1/mP In−1 we can find an ideal J ′ of P such that J ⊆ J ′ ⊆ In−1,
I ∩ J = I ∩ J ′ and I + J ′ = In−1. Then we have that
P/(I ∩ J ′) ' P/I ×P/In−1 P/J ′
and using RS we get a deformation over P/(I ∩ J ′) = P/(I ∩ J) lifting ρn−1,
corresponding to the objects η on P/I, and the pullback of σ along the projection
P/J → P/J ′, on P/J ′. Thus I ∩ J is in A as well.
Now set I =
⋂
i Ii, and R
def
= P/I. Notice that R is still complete in the mR-adic
topology, and we have also R ' lim←−(P/Ii) ' lim←−(R/(Ii/I)), as one easily checks. In
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particular the filtration {In/I}n∈N of R defines the same topology as its canonical
one, and so (by Exercise 6.3) we can define a formal object ρ on R as {ρn, fn}n∈N,
where ρi ∈ F(R/(Ii/I)) are the ones defined above, and fn : ρn → ρn+1 are the
arrows defining ρn+1 as a lifting of ρn.
Let us show that the formal object (R, ρ) satisfies the two properties above:
clearly the Kodaira–Spencer map κρ : TΛR ' E∨ → Tξ0F = E∨ is an isomorphism,
since it is nothing else than κρ1 .
Now for the lifting property: suppose A′ → A is a small extension, and that we
have a diagram of formal objects as above. We want to show that R → A lifts to
R → A′. We can clearly assume that A′ → A is a tiny extension, because if we
prove it in this case, we can lift the homomorphism form R successively, using the
fact that every small extension is a composite of tiny extensions.
Notice that the homomorphism R→ A factors through some P/Ii, say P/Ik →
A. Let us consider the fibered product R′ = (P/Ik)×AA′, and take a lifting of the
homomorphism P → P/Ik → A to P → A′ (which exists since P is a power series
ring, see Theorem B.7). These homomorphisms together induce P → R′, such that
the following diagram is commutative.
R′ //

A′

P
66

{
q
// P/Ik // A
Call J = ker(P → R′), and notice that J ⊆ Ik. If J = Ik we are done, because the
projection R′ → P/Ik will have a section that we can use to define our lifting as
the composite R→ P/Ik → R′ → A′.
So suppose that J is properly contained in Ik. Identifying P/J with its image in
R′, we have that Ik/J ⊆ ker(R′ → P/Ik), which is isomorphic to ker(A′ → A) ' k,
so that necessarily Ik/J = ker(R
′ → P/Ik). Looking at the diagram with exact
rows
0 // Ik/J // P/J //

P/Ik // 0
0 // ker(R′ → P/Ik) // R′ // P/Ik // 0
we get that R′ ' P/J . It is also easy to check that mP Ik ⊆ J (and we had already
that J ⊆ Ik), and by RS we can find a lifting ρ ∈ F(R′) = F(P/J) of ρk. Since
by definition Ik+1 is the minimal ideal of P with these properties, we have that
Ik+1 ⊆ J , so that the homomorphism P → R′ factors through P/Ik+1. Now it is
clear that the composite R → P/Ik+1 → R′ → A′ is a lifting of the given R → A,
so we are done. 
Now we turn to the proof of Schlessinger’s Theorem 6.17. The key point is the
following.
Proposition 6.34. Let F → (ArtΛ)op be a deformation category, and (R, ρ) a
miniversal formal object of F . If Inf(ρ0) = 0 and F(k) is a trivial groupoid, then
(R, ρ) is a universal formal object of F .
To prove this we need a Lemma.
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Let ϕ : A′ → A be a small extension with kernel I, and B ∈ (ArtΛ). Suppose
we have two homomorphisms f , g : B → A′ such that the composites h = ϕ ◦ f =
ϕ ◦ g : B → A coincide. Then the difference f − g : B → I is a Λ-derivation (see
Proposition 3.8), so easy calculations, which use also the fact that A′ → A is a
small extension, show that (f −g)(m2B) = 0 and (f −g)(mΛB) = 0; we can consider
then the induced k-linear function
∆(f, g) : mB/(mΛB +m
2
B) ' mB/m2B −→ I .
Notice that by Λ-linearity of f and g, and the fact that B is generated by mB and
Λ as a ring, we have f = g if and only if ∆(f, g) = 0.
Now take an object ξ ∈ F(B), and consider the pullbacks f∗(ξ), g∗(ξ) ∈ F(A′),
which are liftings of h∗(ξ). In particular by Theorem 3.15 we have an action of
I ⊗k Tξ0F on Lif(h∗(ξ), A′), where ξ0 is the pullback of ξ to k, and recall also
that the formal deformation (B, ξ) has an associated Kodaira–Spencer class kξ ∈
mB/m
2
B
⊗k Tξ0F .
Lemma 6.35. With the notation of Remark 3.16, we have
[f∗(ξ)]− [g∗(ξ)] = (∆(f, g)⊗ id)(kξ) ∈ I ⊗k Tξ0F .
Proof. Set V
def
= mB/m
2
B
, and consider B′ = B ⊕ V with the obvious Λ-algebra
structure, and the trivial small extension
0 // V // B′ // B // 0.
If pi : B → k and pi′ : B → B = B/mΛB are the quotient maps, there is a derivation
D : B → V that sends b ∈ B into the class of pi′(b)− pi(b) in mB/m2B .
We consider the two homomorphisms i, u : B → B′, defined by i(b) = (b, 0) and
u(b) = (b,D(b)), and the one F : B′ → A′ given by
F (b, x) = g(b) + ∆(f, g)(x) .
One can easily check that F ◦ i = g and F ◦u = f , and using Proposition 3.18 (with
ϕ = F : B′ → A′) we get
[f∗(ξ)]− [g∗(ξ)] = (∆(f, g)⊗ id)([u∗(ξ)]− [i∗(ξ)])
(since F |V = ∆(f, g)).
Now consider B1 = B/m
2
B
' k⊕V , and the homomorphism h : B′ → B1 defined
by h(b, x) = pi(b) +x. If we call pi′′ : B → B1 the quotient map, we have h◦u = pi′′,
and (h ◦ i)(a) = pi(a) ∈ B1.
From this we get that h∗(u∗(ξ)) ' ξ1 and h∗(i∗(ξ)) ' ξ0|B1 ; noticing that h|V
is the identity, using Proposition 3.18 again we infer that
[u∗(ξ)]− [i∗(ξ)] = [ξ1]− [ξ0|B1 ] .
But now [ξ1]− [ξ0|B1 ] = kξ by definition, and this concludes the proof. 
Now we are ready to prove Proposition 6.34.
Proof of Proposition 6.34. By Proposition 6.26 we already know that for any formal
object (S, ξ) of F there exists a morphism (S, ξ) → (R, ρ) (ξ0 will be necessarily
isomorphic to ρ0, for F(k) is a trivial groupoid).
As to uniqueness, we have to show that any two morphisms of formal objects f ,
g : (S, ξ)→ (R, ρ) are the same. Using Proposition 4.9 we see that, since Inf(ρ0) is
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trivial, we only need to show that the two homomorphisms ϕ,ψ : R→ S associated
with f and g are equal.
Moreover it is sufficient to show that ϕn, ψn : Rn → Sn are equal for every n,
and we do this inductively. Obviously ϕ0 = ψ0, so suppose ϕn−1 = ψn−1. In this
case ϕn, ψn : Rn → Sn are the same map when composed with Sn → Sn−1, so we
can consider
∆(ϕn, ψn) : mRn/m
2
Rn
' mR/m2R −→ mnS/mn+1S .
Since by assumption (ϕn)∗(ρn) and (ψn)∗(ρn) are isomorphic as liftings of the
object (ϕn−1)∗(ρn−1) = (ψn−1)∗(ρn−1), by the preceding Lemma we conclude that
(∆(ϕn, ψn)⊗ id)(kρ) = 0 ∈ mnS/mn+1S ⊗k Tρ0F
where kρ ∈ mR/m2R ⊗k Tρ0F is the Kodaira–Spencer class of ρ.
This means that if we compose the adjoint map
∆(ϕn, ψn)
∨ : (mnS/m
n+1
S )
∨ −→ (mR/m2R)∨
with the Kodaira–Spencer map κρ : TΛR → Tρ0F of ρ we get the zero map. But
now κρ is an isomorphism, so we conclude that ∆(ϕn, ψn) = 0, from which follows
that ϕn = ψn, as we want to show. 
Schlessinger’s Theorem is now an easy corollary of Theorem 6.33 and Proposi-
tion 6.34.
The following Proposition gives a useful criterion that will be used later to show
that some formal deformations are miniversal.
Proposition 6.36. Let F → (ArtΛ)op be a deformation category, and suppose that
(R, ρ) is a formal object of F such that:
• R is a power series ring over Λ.
• The Kodaira–Spencer map κρ : TΛR→ Tρ0F is an isomorphism.
Then (R, ρ) is a miniversal formal object, and in particular ρ0 is unobstructed (see
Proposition 6.27).
Proof. Since κρ is an isomorphism, we have that Tρ0F is a finite-dimensional k-
vector space; by Theorem 6.33 we can then find a miniversal object (S, ξ) restricting
to ρ0 over k. By Proposition 6.26 and versality of (S, ξ) we have a morphism of
formal objects (R, ρ) → (S, ξ), and since both of the Kodaira–Spencer maps κρ
and κξ are isomorphisms, the k-linear map T
∨
ΛS → T∨ΛR induced on the cotangent
spaces is an isomorphism too (by Proposition 6.14).
Since R is a power series ring over Λ, this implies that the homomorphism S → R
is an isomorphism (see Corollary B.5), and then the morphism (R, ρ) → (S, ξ) is
an isomorphism too, so (R, ρ) is miniversal. 
6.3.1. Applications to obstruction theories. Now that we have proved the existence
of miniversal deformations, we can give proofs of the Ran-Kawamata Theorem
(Theorem 5.9) and of the anticipated formula for the dimension of the minimal
obstruction space associated with an obstruction theory.
Proof of Theorem 5.9. Let (R, ρ) be a miniversal deformation of ξ0 coming from
Theorem 6.33. In particular R is a quotient P/I, where P = k[[x1, . . . , xn]] and
n = dimk Tξ0F , and I ⊆ m2P . We want to show that I = (0), so that R is a power
series ring, and by Proposition 6.27 the object ξ0 will be unobstructed.
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The first step is to prove that the module of continuous differentials Ω
def
= Ω̂R
(see Appendix B) is a free R-module. Since R is local we can equivalently show
that Ω is a projective R-module, and to do this it suffices to check that for every
surjection M ′ → M of R-modules of finite length the induced homomorphism
HomR(Ω,M
′)→ HomR(Ω,M) is surjective.
Let us take then a surjection M ′ → M of R-modules of finite length, and n
large enough for M ′ and M to be R/mn+1R -modules. Set A
def
= Rn, and consider a
homomorphism ϕ ∈ HomR(Ω,M). This will correspond to a k-derivation R→M ,
which in turn is the same as a homomorphism of R-modules R → A ⊕M (this is
a standard fact) that is moreover compatible with the two quotient maps to A. In
other words the diagram
R //
##G
GG
GG
GG
GG A⊕M

A
is commutative.
Take then the pullbacks ξ ∈ Fξ0(A) and ξ′ ∈ Fξ0(A ⊕ M) of the miniversal
deformation ρ along the two homomorphisms above. The class of ξ′ is an element
[ξ′] ∈ Fξ(M), and so by right-exactness of Fξ we can find a [ξ′′] ∈ Fξ(M ′) that
maps to [ξ′] via the canonical function Fξ(M ′) → Fξ(M). In other words ξ′′ ∈
Fξ0(A⊕M ′) is an object whose pullback to A⊕M is isomorphic to ξ′.
By versality of (R, ρ) the homomorphism R → A ⊕ M can then be lifted to
R→ A⊕M ′
(A⊕M ′, ξ′′)
  
m
q
u
z

(R, ρ) (A⊕M, ξ′)oo
OO
and this lifting corresponds to a k-derivation R → M ′, which in turn is the same
as a homomorphism ψ ∈ HomR(Ω,M ′). This homomorphism ψ will then be in the
preimage of the chosen ϕ ∈ HomR(Ω,M), and this proves that HomR(Ω,M ′) →
HomR(Ω,M) is surjective. In conclusion Ω = Ω̂R is a free R-module.
Now we deduce that I = (0), and this will conclude the proof, as we already
noticed. We consider the conormal sequence
(6.37) I/I2
d // Ω̂P ⊗P R // Ω̂R // 0
(see Proposition B.10) and notice that, since P is a power series ring on n indeter-
minates, the R-module Ω̂P ⊗P R is free of rank n. Moreover if m is the rank of Ω̂R,
tensoring (6.37) with k we obtain an isomorphism
(Ω̂P ⊗P R)⊗R k ' Ω̂R ⊗R k
(for the homomorphism d becomes the zero map), and this tells us that m = n.
Therefore the surjective homomorphism Ω̂P ⊗P R → Ω̂R of (6.37) has to be an
isomorphism, and so d : I/I2 → Ω̂P ⊗P R is the zero map. This means that the
image of I along the universal derivation d : P → Ω̂P is contained in the ideal IΩ̂P ,
and this implies that for any f ∈ I and i = 1, . . . , n, the partial derivative ∂f/∂xi
is an element of I.
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Since char k = 0, it is easy to see that this implies I = (0) (for example consid-
ering an element of I of minimal degree and recalling that I ⊆ m2P ), and so we are
done. 
Now consider a deformation category F → (ArtΛ)op, an object ξ0 ∈ F(k) such
that Tξ0F is finite-dimensional, and an obstruction theory (Vω, ω) for ξ0. By The-
orem 6.33 ξ0 has a miniversal deformation (R, ρ) where R is a quotient P/I, with
P = Λ[[x1, . . . , xn]], n = dimk Tξ0F and I ⊆ mΛP +m2P .
We denote by µ(I) the minimal number of generators of the ideal I ⊆ P , which
by Nakayama’s Lemma is the same as dimk(I/mP I). Finally let Ωω denote the
minimal obstruction space associated with (Vω, ω), as in Section 5.
Proposition 6.38. The dimension of Ωω as a k-vector space coincides with µ(I) =
dimk(I/mP I).
Proof. We will show that there exists an isomorphism of k-vector spaces Ωω '
(I/mpI)
∨, and this will imply the result. Set R˜ def= P/mP I (this is an object of
(CompΛ) as well), so that we have an exact sequence of P -modules
0 // I/mP I // R˜ // R // 0.
Tensoring this with Pn = P/m
n+1
P , we obtain
I/mP I
αn // R˜n
// Rn // 0
and by the Artin-Rees Lemma we see that kerαn = (I/mP I) ∩ mn+1R˜ = (0) for n
large enough.
For every such n then the sequence
0 // I/mP I
αn // R˜n
// Rn // 0
is a small extension, and we have an object ρn ∈ F(Rn), coming from the versal
deformation (R, ρ). We can consider then the obstruction
ωn = ω(ρn, R˜n) ∈ I/mP I ⊗k Ωω ' Homk((I/mP I)∨,Ωω) .
Notice that this element does not depend on n (large enough): this follows imme-
diately from functoriality of the obstruction, and the fact that for every n large
enough we have a commutative diagram with exact rows
0 // I/mP I // R˜n+1

// Rn+1

// 0
0 // I/mP I // R˜n
// Rn // 0.
From this we get a well-defined element f ∈ Homk((I/mP I)∨,Ωω), that is, a k-
linear map f : (I/mP I)
∨ → Ωω. We show now that f is bijective.
First we show that it is injective. Take a nonzero u ∈ (I/mP I)∨, which is a
surjective k-linear function u : I/mP I → k, and set K def= keru, which is an ideal of
R˜n (for n large enough). We consider then (I/mP I)/K ' k and Sn = R˜n/K, and
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the following commutative diagram with exact rows
0 // I/mP I //
u

R˜n

// Rn // 0
0 // k // Sn // Rn // 0.
(where the vertical arrows are the quotient maps) that gives a morphism between
the two small extensions.
By definition of the isomorphism I/mP I ⊗k Ωω ' Homk((I/mP I)∨,Ωω) and by
functoriality of the obstruction ω, we have
f(u) = ωn(u)
= (u⊗ id)(ωn)
= ω(ρn, Sn) ∈ k ⊗k Ωω ' Ωω.
Suppose that f(u) = 0. Then there is a lifting ηn ∈ F(Sn) of ρn ∈ F(Rn), and
by versality of (R, ρ) the homomorphism R → Rn will lift to R → Sn. On the
other hand since mn+1Sn = (0) this last map will factor through Rn, and give then a
splitting Rn → Sn of the small extension above.
Finally notice that this splitting (as well as Sn → Rn) will induce an isomorphism
between cotangent spaces of Rn and Sn, and then (by part (ii) of Corollary B.3) the
map Sn → Rn is an isomorphism. But this is a contradiction, because the kernel
of this map is isomorphic to k. In conclusion this shows that f(u) 6= 0, and so f is
injective.
We show that it is surjective. Take a vector v ∈ Ωω, and suppose it corresponds
to the obstruction ω(ξ, A′) associated with a small extension A′ → A with kernel
J and an isomorphism g : J ' k, and an object ξ ∈ Fξ0(A).
By versality of (R, ρ) and Proposition 6.26 we have an arrow of formal objects
(A, ξ) → (R, ρ), and since A is artinian the homomorphism R → A will factor
through Rn for n large enough (and the pullback of ρn to A is isomorphic to ξ).
Moreover if we lift the homomorphism P → R → A to ϕ : P → A′ using the
fact that P is a power series ring over Λ, then ϕ(I) will be contained in J , and
consequently ϕ(mP I) = (0), so ϕ will factor through R˜.
Taking n large enough we get a commutative diagram with exact rows
0 // I/mP I
u

// R˜n
//

Rn //

0
0 // J // A′ // A // 0
where u : I/mP I → J ' k can be seen as an element of (I/mP I)∨. By functoriality
of the obstruction (and the other arguments used above) we get
f(u) = ωn(u)
= (u⊗ id)(ωn)
= ω(ξ, A′) ∈ J ⊗k Ωω ' Ωω
which corresponds to v. This shows that f is surjective, and concludes the proof. 
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Using this we get immediately another proof of Proposition 6.27: R is a power
series ring if and only if I = (0), and this happens exactly when dimk Ωω = 0, that
is, when ξ0 is unobstructed.
The last Proposition has the following corollaries.
Corollary 6.39. Let F → (ArtΛ)op be a deformation category, ξ0 ∈ F(k), and
(Vω, ω) be an obstruction theory for ξ0. If Tξ0F is finite-dimensional, then Ωω is
as well.
Corollary 6.40. Let F → (ArtΛ)op be a deformation category, ξ0 ∈ F(k) such that
Tξ0F is finite-dimensional, and (Vω, ω) be an obstruction theory for ξ0. Moreover
let (R, ρ) be a miniversal deformation of ξ0. Then
dimR ≥ dimk Tξ0F − dimk Ωω
≥ dimk Tξ0F − dimk Vω.
Proof. The last inequality is clear, so we prove only the first, by showing that
dimR ≥ dimk Tξ0F − µ(I) for the miniversal deformation (R, ρ) considered above,
and using the preceding Proposition. Set n
def
= dimk Tξ0F .
Notice that we can reduce to the case Λ = k by considering the canonical
homomorphism P = Λ[[x1, . . . , xn]] → k[[x1, . . . , xn]], and the induced surjection
R = P/I → k[[x1, . . . , xn]]/J where J is the extension of I. Indeed if we know that
dim(k[[x1, . . . , xn]]/J) ≥ n− µ(J), then we have
dimR ≥ dim(k[[x1, . . . , xn]]/J)
≥ n− µ(J)
≥ n− µ(I).
So we can assume that Λ = k. Then by Krull’s Hauptidealsatz dimk(I/mP I) =
µ(I) ≥ ht I; because of this inequality and the fact that P = k[[x1, . . . , xn]] is
catenary, we get
dimR = dim(P/I)
= dimP − ht I
≥ dimP − µ(I) = n− µ(I). 
This result can be applied to find a lower bound on the dimension of the base
ring R of a miniversal deformation.
Example 6.41. Let Z0 ⊆ P3k be a smooth curve of genus g and degree d, and
(R, ρ) a universal deformation of Z0 in HilbP3k (we have a miniversal one since
dimk TZ0HilbP
3
k = dimk H
0(Z0,N0) is finite, and it is universal because HilbP3k is
fibered in sets). Recall that HilbP3k comes from a representable functor, so if we
denote by HilbP
3
k the Hilbert scheme of P3k, the dimension of R in this case is the
same as dimZ0 Hilb
P3k .
By the preceding corollary we get
dimZ0 Hilb
P3k ≥ dimk TZ0HilbP
3
k − dimk Vω
= dimk H
0(Z0,N0)− dimk H1(Z0,N0)
= χ(N0)
(here we are considering the obstruction theory described in Section 5) where χ is
the Euler characteristic and N0 is the normal sheaf of Z0 in P3k.
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Now from the dual of the conormal sequence of Z0 ⊆ P3k
0 // TZ0 // TP3k |Z0 // N0 // 0
we get χ(N0) = χ(TP3k |Z0) − χ(TZ0), and from the restriction of the dual of the
Euler sequence
0 // OZ0 // OZ0(1)⊕4 // TP3k |Z0 // 0
we obtain further that χ(N0) = 4χ(OZ0(1))−χ(OZ0)−χ(TZ0). Using the Riemann-
Roch Theorem to calculate explicitly the three terms in the last expression, we get
dimZ0 Hilb
P3k ≥ χ(N0)
= (4d+ 4− 4g)− (1− g)− (2− 2g + 1− g)
= 4d ;
this gives a lower bound on dimZ0 Hilb
P3k independent of the genus g.
Example 6.42. Consider a smooth projective curve X0 over k. Since the k-
vector space TX0Def ' H1(X0, TX0) is finite-dimensional, X0 has a miniversal
deformation (R, ρ), and since H2(X0, TX0) = 0 we see that X0 is unobstructed (by
Theorem 5.16), and so R is a power series ring, and dimR = dimk TX0Def .
We can calculate this dimension explicitly: if g is the genus of X0, then TX0 has
degree 2− 2g, and by the Riemann-Roch Theorem we get
χ(TX0) = dimk H
0(X0, TX0)− dimk H1(X0, TX0)
= 2− 2g + 1− g = 3− 3g.
Now if g ≥ 2, then TX0 has negative degree, so dimk H0(X0, TX0) = 0 and
dimR = dimk H
1(X0, TX0) = 3g − 3 .
On the other hand if g = 1 we find dimk H
1(X0, TX0) = 1, and in the case g = 0
we have dimk H
1(X0, TX0) = 0.
These values give the minimal number of parameters that are necessary to de-
scribe a versal deformation of X0 for a given genus, and by the discussion in example
3.4 (and the fact that Mg is a smooth Deligne-Mumford stack for g ≥ 2), they co-
incide with the dimension of the coarse moduli spaces Mg for g ≥ 2.
6.3.2. Hypersurfaces in Ank . As an example (which will be useful in the next sec-
tion), we calculate a miniversal deformation of a generically smooth hypersurface
X0 ⊆ Ank , using the results of Exercise 3.25. In particular, since TX0Def is finite-
dimensional if and only if X0 has isolated singularities, we have to restrict to this
case.
Suppose then that X0 ⊆ Ank is a hypersurface as above, with equation f ∈
k[x1, . . . , xn], and so defined by the ideal I = (f) and with coordinate ring A =
k[x1, . . . , xn]/I. Recall that
TX0Def ' k[x1, . . . , xn]/(f, ∂f/∂x1, . . . , ∂f/∂xn) .
Let m
def
= dimk TX0Def (which is finite because X0 has isolated singularities), and
choose elements g1, . . . , gm ∈ Λ[x1, . . . , xn] such that their images in TX0Def form
a basis.
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Remark 6.43. The integer m is an important invariant of the singularities of the
hypersurface, known as the Tjurina number.
We consider then the power series ring R = Λ[[t1, . . . , tm]], and the closed sub-
scheme
X
def
= V (f ′ + t1g1 + · · ·+ tmgm) ⊆ AnR
where f ′ ∈ Λ[x1, . . . , xn] is a lifting of f . The subscheme X induces a formal
deformation X̂
def
= {Xi, fi}i∈N of X0 over R, by taking Xi to be the pullback of X
to Ri = R/m
i+1
R along the quotient map R → Ri, and as arrows fi : Xi → Xi+1
the natural closed immersions.
Proposition 6.44. The formal object (R, X̂) of the deformation category Def →
(ArtΛ)
op is miniversal.
Proof. We use the criterion given by Proposition 6.36: R is a power series ring, so
we only have to check that the Kodaira–Spencer map
κX̂ : TΛR −→ TX0Def
is an isomorphism. Recall that this map is the same as κX1 , where X1 is the
pullback of X to R1 ' k ⊕mR/m2R along the projection R→ R1.
In this particular case we have
X1 = Spec(R1[x1, . . . , xn]/(f + t1g1 + · · ·+ tmgm))
where gi is the image of gi in k[x1, . . . , xn] (and we still write ti for the class of ti
in mR/m
2
R
). Since the images of t1, . . . , tm in T
∨
ΛR = mR/m
2
R
form a basis of the
cotangent space, we can consider the dual basis s1, . . . , sm ∈ TΛR. The Kodaira–
Spencer map
κX1 : TΛR −→ TX0Def ' k[x1, . . . , xn]/(f, ∂f/∂x1, . . . , ∂f/∂xn)
sends si into the class of gi (as the reader can easily check).
Then by the choice of the gi’s the map κX1 is an isomorphism (since the two
spaces have the same dimension, and a basis goes to a basis), and this concludes
the proof. 
Example 6.45. Consider the union of the two axes
X0 = V (xy) ⊆ A2k = Spec k[x, y] .
In this case the Jacobian ideal is J = (x, y) ⊆ k[x, y]/(xy), and a basis of TX0Def '
k[x, y]/(x, y) is given by the class of −1. A miniversal deformation of X0 is then
for example the one induced by X = V (xy − t) ⊆ A2Λ[[t]].
Example 6.46. Assume char k 6= 2, 3, and consider the cuspidal curve
X0 = V (y
2 − x3) ⊆ A2k = Spec k[x, y] .
In this case we have J = (2y, 3x2) ⊆ k[x, y]/(y2 − x3), and a basis of TX0Def '
k[x, y]/(y, x2) is given by the classes of 1 and x. The formal object induced by
the closed subscheme X = V (y2 − x3 + t1 + t2x) ⊆ A2Λ[[t1,t2]] is then a miniversal
deformation.
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6.4. Algebraization. The next step in constructing (or studying) deformations,
is to pass from formal ones to “actual” ones (over noetherian complete local rings).
In other words given a formal deformation, which is a sequence of compatible de-
formations over the artinian quotients of the base ring, we ask if there is a “true”
deformation over the base ring that restricts to the given ones over these quotients.
Here we consider in particular the case of deformations of schemes.
Definition 6.47. Let X0 be a proper scheme over k. A formal deformation (R, X̂)
of X0 (that is, a formal object of the deformation category DefX0 → (ArtΛ)op over
R) is said to be algebraizable if there exists a scheme X flat and proper over R
inducing the formal deformation X̂ by pullback.
In other words for each n we have a morphism ϕn : Xn → X with a cartesian
square
Xn
ϕn //

X

SpecRn // SpecR
and the ϕn are compatible with the morphisms fn : Xn → Xn+1 of the formal
deformation X̂.
We call an X as above an algebraization of the formal deformation X̂. The idea
is that X is an actual deformation of X0 over R, whose approximations to the
various orders correspond to the terms of the formal deformation X̂.
The problem of algebraization (that is, the problem of the existence of an al-
gebraization for a given formal deformation) is not solvable in general. The main
result when dealing with it in particular cases is the following Theorem, due to
Grothendieck.
Let Λ be as usual, and X a scheme over Λ; set Xn
def
= X|Spec Λn . Together with
the obvious morphisms, the sequence {Xn, fn}n∈N gives a formal deformation X̂ of
X0 over Λ.
We denote by Coh(X) the category of coherent sheaves on X, and by Coh(X̂) the
category of formal coherent sheaves on X̂: its objects are collections {En, gn}n∈N
of coherent sheaves En on Xn, with isomorphisms gn : En ' En+1|Xn (where this
pullback is along the immersion fn : Xn → Xn+1), and an arrow {En, gn}n∈N →
{Gn, hn}n∈N is a sequence {Fn}n∈N of homomorphisms Fn : En → Gn of coherent
sheaves on Xn, compatible with the isomorphisms gn, hn. This is an abelian cate-
gory, even though in a not completely trivial way.
There is a natural functor Φ: Coh(X) → Coh(X̂), sending a coherent sheaf
E on X into the formal coherent sheaf {E|Xn , fn}n∈N, where fn are the obvious
isomorphisms identifying the pullback of E|Xn+1 to Xn with the one of E , and
a homomorphism F : E → G goes to the sequence {Fn}n∈N of homomorphisms
induced on the pullbacks.
Theorem 6.48 (Grothendieck’s existence Theorem). If X is proper over Λ, the
functor Φ is an equivalence of abelian categories.
For a discussion of this Theorem, see for example [FGI+05, Chapter 8].
From this Theorem we get an algebraization result for certain deformations of
schemes. First of all we have the following corollary about embedded formal defor-
mations.
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Corollary 6.49. Let X be a proper scheme over Λ, and consider the formal defor-
mation X̂ = {Xn, fn}n∈N of X0 as above. Consider a sequence {Yn}n∈N of closed
subschemes Yn ⊆ Xn, such that for every n we have Yn+1 ∩ Xn = Yn (where we
see Xn ⊆ Xn+1 by means of the closed immersion fn). Then there exists a closed
subscheme Y ⊆ X such that Yn = Y ∩Xn for any n.
Proof. We use Theorem 6.48: consider the formal coherent sheaf {OYn , fn}n∈N,
where fn are the obvious isomorphisms. By the Theorem we have a coherent sheaf
E on X, and a sequence of isomorphisms ϕn : E|Xn = E⊗OXOXn ' OYn compatible
with the projections OXn+1 → OXn and OYn+1 → OYn .
Moreover we have an arrow {OXn , gn}n∈N → {OYn , fn}n∈N of formal sheaves on
X̂, given by the surjections OXn → OYn defining the closed subschemes Yn. This
arrow corresponds (by the Theorem again) to a homomorphism ψ : OX → E of
coherent sheaves on X, such that for every n the diagram
OX |Xn
ψ|Xn // E|Xn
ϕn

OXn // OYn
is commutative.
Notice finally that since the functor Φ of Grothendieck’s Theorem is an equiva-
lence of abelian categories, and {OXn , gn}n∈N → {OYn , fn}n∈N has trivial cokernel
in Coh(X̂), we get that ψ is surjective. The kernel of ψ : OX → E defines then a
closed subscheme Y ⊆ X with structure sheaf E , such that Y ∩Xn = Yn for every
n. 
Exercise 6.50. Using Grothendieck’s existence theorem, show that an algebraiza-
tion of a formal deformation of X0 is unique, up to a unique isomorphism.
Now we go further, and consider abstract deformations.
Proposition 6.51. Let X0 be a projective scheme over k such that H
2(X0,OX0) =
0, and suppose that X̂ = {Xn, fn}n∈N is a formal deformation of X0 over Λ.
Then X̂ is algebraizable.
The algebraization that we will construct in the proof is moreover projective over
R.
Proof. We start by showing that the natural restriction homomorphism Pic(Xn)→
Pic(Xn−1) is surjective. For a fixed n we have an exact sequence of sheaves of groups
0 // mnΛ/m
n+1
Λ ⊗k OX0 // O∗Xn // O∗Xn−1 // 0
where the first map is defined by u 7→ 1 + u (over any open subset), and we see
mnΛ/m
n+1
Λ ⊗k OX0 as the ideal sheaf of Xn−1 in Xn.
Taking the cohomology long exact sequence and recalling that by hypothesis
H2(X0,m
n
Λ/m
n+1
Λ ⊗k OX0) ' mnΛ/mn+1Λ ⊗k H2(X0,OX0)
is trivial, we see that the homomorphism H1(X0,O∗Xn) → H1(X0,O∗Xn−1) corre-
sponding to the restriction Pic(Xn)→ Pic(Xn−1) is surjective.
Now take a very ample invertible sheaf L0 on X0, such that H1(X0,L0) = 0,
and let s0, . . . , sm be a basis of H
0(X0,L0) as a k-vector space, defining the closed
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immersion X0 → Pmk . By surjectivity of Pic(Xn) → Pic(Xn−1) we can lift L0
successively to Xn, obtaining thus a sequence {Ln}n∈N of compatible invertible
sheaves on the formal deformation X̂; moreover we can also lift the basis above at
each step.
In fact tensoring the exact sequence
0 // mnΛ/m
n+1
Λ ⊗k OX0 // OXn // OXn−1 // 0
with Ln, we get
0 // mnΛ/m
n+1
Λ ⊗k L0 // Ln // Ln−1 // 0.
Noticing that
H1(X0,m
n
Λ/m
n+1
Λ ⊗k L0) ' mnΛ/mn+1Λ ⊗k H1(X0,L0)
is trivial, and taking the cohomology long exact sequence of the last short one, we
see that the restriction homomorphism H0(X0,Ln) → H0(X0,Ln−1) is surjective,
and so we can lift inductively s0, . . . , sm to elements s
n
0 , . . . , s
n
m ∈ H0(X0,Ln).
Moreover the sections (sn0 , . . . , s
n
m) will not have base points (because if they did,
these points would also be base points of (s0, . . . , sm)), and then for every n we have
an induced morphism ϕn : Xn → PmΛn ; since ϕ0 : X0 → Pmk is a closed immersion,
every ϕn will be as well.
This makes the sequence {Xn}n∈N into a sequence of closed subschemes Xn ⊆
PmΛn compatible with the immersions P
m
Λn
⊆ PmΛn+1 . Corollary 6.49 gives then a
closed subscheme X ⊆ PmΛ restricting to Xn over Λn. If we show that X is flat over
Λ, then it will be an algebraization of X̂.
By [Mat86, Theorem 24.3], the locus of points at which X is flat over Λ is an open
subset of X; consider its complement Z, a closed subset of X. Since X → Spec Λ is
proper, hence closed, if Z is not empty its image will be a closed non-empty subset
of Spec Λ, which must therefore contain the maximal ideal of Λ. So, to show that
Z = ∅ it is enough to show that X → Spec Λ is flat at any point of X0.
But if p ∈ Z ∩X0, since OXn,p ' OX,p/mn+1Λ OX,p is flat over Λn for every n, it
follows from the local flatness criterion (Theorem C.4) that X → Spec Λ is flat at
p, and this concludes the proof. 
Example 6.52. Here is an example of a formal deformation of a smooth projective
scheme over C that is not algebraizable. To do this, we will take as X0 a smooth
quartic surface in P3C, such that the Picard group Pic(X0) is cyclic, generated by
the invertible sheaf OX0(1). One can check that in this case H2(X0,OX0) ' C, so
that the hypotheses of the last Theorem are not satisfied.
To know that such a surface exists, we need the following facts.
Theorem 6.53 (Noether-Lefschetz). Let d ≥ 4, and PNC be the projective space of
surfaces of degree d in P3C. Then there exists countably many hypersurfaces
H1, H2, . . . ,Hn, . . . ⊆ PNC
such that if X0 ∈ PNC \
⋃
iHi, then Pic(X0) is cyclic and generated by OX0(1).
For a discussion of this, see for example [GH85].
Theorem 6.54 (Baire). In a locally compact and Hausdorff topological space, a
countable intersection of open dense subsets is itself dense.
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Combining these two Theorems, we get a quartic surface X0 ⊆ P3C, such that
Pic(X0) is cyclic generated by OX0(1).
Exercise 6.55. Show that H2(X0, TX0) = 0.
In particular, using Theorem 5.16, this shows that X0 is unobstructed.
From Proposition 3.29 we know that the differential of the forgetful morphism
F : HilbP3k → Def at X0 is not surjective, so we can take a first-order deformation
X → Spec [], such that there does not exists a closed immersion X ⊆ P3C[]
extending X0 ⊆ P3C.
Moreover such a deformation has trivial Picard group: the exact sequence of
shaves of groups
0 // OX0 ' OX0 ⊗k () // O∗X // O∗X0 // 0
yields
0 = H1(X0,OX0) // Pic(X) // Pic(X0) // H2(X0,OX0) ' C.
Now since Pic(X0) is cyclic infinite and C is torsion-free, we conclude that the map
Pic(X)→ Pic(X0) must be zero, and then Pic(X) = 0.
From the fact that X0 is unobstructed, we can find a formal deformation X̂ =
{Xn, fn}n∈N of X0 over C[[t]], with term of order one isomorphic to X.
Proposition 6.56. The formal deformation X̂ is not algebraizable, that is, there
does not exist a flat and proper scheme X over C[[t]] inducing the formal deformation
X̂.
Proof. Assume such an X exists, and take an open affine subscheme U ⊆ X. If we
denote by D = X \ U the complement of U , then every irreducible component of
D has codimension 1 (see for example [Gro67, Corollaire 21.12.7]), and then, with
the structure of reduced closed subscheme, it can be seen as an effective divisor on
X.
Now notice that X is smooth over C[[t]], so in particular Cartier divisors corre-
spond to invertible sheaves: if Z is the locus where X is not smooth, then Z is a
closed subset of X, and (if it is not empty) it must intersect the central fiber X0
(since X → SpecC[[t]] is proper, and then the image of Z contains the maximal
ideal of C[[t]]). But X0 is smooth over C, and this contradiction shows that Z = ∅.
Now, since X0 * U , we have that D ∩ X0 is an effective divisor on X0, and it
is not trivial (i.e. the associated invertible sheaf OX0(D ∩X0) is not isomorphic to
OX0). Finally consider the commutative diagram
Pic(X)
  A
AA
AA
AA
A
// Pic(X)
}}||
||
||
||
Pic(X0)
with the maps are the natural pullback homomorphisms. We showed above that the
function Pic(X) → Pic(X0) is not zero, since the invertible sheaf OX(D) goes to
OX0(D∩X0), which is not trivial, but on the other hand we proved that Pic(X) =
0, which gives a contradiction. 
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7. Deformations of nodal curves
As a simple example of application of the general theory described up to this
point, we consider in this last section deformations of affine and projective curves
with a finite number of nodes.
By studying this particular case we will show how knowing a miniversal deforma-
tion of a local model for a singularity helps in giving a local (formal) description of
any global deformation of such a singularity. Finally we will give an algebraization
result for projective curves with a finite number of nodes that relies on the general
results of the preceding section.
Let us start with some generalities on the behavior of deformations under e´tale
morphisms.
7.1. Pullbacks of deformations under e´tale morphisms. Let f : Y0 → X0 be
an e´tale morphism of k-schemes. Let XA be a lifting of X0 to some A ∈ (ArtΛ).
The pullback functor from the category of e´tale morphism to XA to that of e´tale
morphisms to X0 is an equivalence (see for example [Mil80, Theorem 3.23]); hence
there is an e´tale morphism f∗XA → XA, unique up to a unique isomorphism,
whose restriction to X0 is isomorphic to Y0 → X0. We obtain a morphism of
fibered categories f∗ : DefX0 → DefY0 by sending each lifting XA into f∗XA.
Proposition 7.1. Let us assume that the following conditions are satisfied.
(a) The scheme X0 is affine, of finite type, local complete intersection, and smooth
outside of a finite number of closed points p1, . . . , pr.
(b) The scheme Y0 is also affine. Furthermore, for each i the inverse image f
−1(pi)
is formed of a unique point qi ∈ Y0 with k(pi) = k(qi).
Then the following hold.
(i) The differential dX0f
∗ : TX0DefX0 → TY0DefY0 is an isomorphism.
(ii) The morphism f∗ is formally smooth (Definition 6.22).
(iii) If (R, ρ) is a miniversal deformation of X0, then f
∗(R, ρ) (with the obvious
meaning) is a miniversal deformation of Y0.
Proof. Set X0 = SpecR and Y0 = SpecS. We have TX0DefX0 = Ext1R(ΩR/k, R)
and TY0DefX0 = Ext1S(ΩS/k, S). Furthermore, there is an obstruction theory for
X0 with space Ext
2
R(ΩR/k, S), and analogously for Y0.
Since S is flat over R, there are natural isomorphism
ExtiR(ΩR/k, R)⊗R S ' ExtiS(ΩS/k, S)
for each i. When i > 0, the R-module ExtiR(ΩR/k, R) is supported on {p1, . . . , pr}.
It is easily seen by induction on the length that for every R-module with support
on {p1, . . . , pr}, the homomorphism M → M ⊗R S is an isomorphism; hence we
obtain canonical isomorphisms
ExtiR(ΩR/k, R) ' ExtiR(ΩR/k, R)⊗R S
' ExtiS(ΩS/k, S)
By Theorem 3.23 we have
TX0DefX0 = Ext1R(ΩR/k, R) and TY0DefY0 = Ext1S(ΩS/k, S) ;
it is easy to see that the canonical isomorphism Ext1R(ΩR/k, R) ' Ext1S(ΩS/k, S)
corresponds to the differential dX0f
∗. This proves (i).
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Let us show that f∗ is formally smooth. This amounts to the following: if we
are given a small extension A′ → A of Λ-algebras with kernel I, a lifting XA of X0
to A, and a lifting YA′ of f
∗XA to A′, then there is a lifting XA′ to A′, such that
f∗XA′ is isomorphic to YA as a lifting of f∗XA. By Theorem 5.14, the obstructions
to lifting XA and f
∗XA correspond under the isomorphism I ⊗k Ext2R(ΩR/k, R) '
I ⊗k Ext2S(ΩS/k, S); since f∗XA has a lifting, by hypothesis, we see that XA must
also have a lifting XA′ .
The lifting f∗XA′ is not necessarily isomorphic to YA as a lifting of f∗XA;
however, the difference is measured by an element of I ⊗k TY0DefY0 , which, by (i),
comes from an element of I ⊗k TX0DefX0 ; hence we can modify XA′ so that f∗XA′
is isomorphic to YA′ as a lifting of f
∗XA. This completes the proof of (ii).
For part (iii), let (R, ρ) be a miniversal deformation of X0. By Exercise 6.25,
this is equivalent to saying that the corresponding morphism ρ : (ArtR)
op → DefX0
is formally smooth, with bijective differential. By composing with f∗ we obtain a
morphism (ArtR)
op → DefY0 which is once again formally smooth with bijective
differential, because of parts (i) and (ii), so it is a miniversal deformation. 
7.2. Nodal curves. Let X be a curve over k.
Definition 7.2. A closed point p ∈ X is a rational node if p is a rational point,
and the complete local ring ÔX,p is isomorphic to k[[x, y]]/(xy) as a k-algebra.
We consider generically smooth curves, having only rational nodes as singulari-
ties.
Definition 7.3. By nodal curve we mean a curve X over k that is smooth outside
of a finite number of closed points p1, . . . , pn that are rational nodes.
We give a criterion to recognize rational nodes, assuming char k 6= 2: suppose
X is a curve over k, and that the complete local ring of X in p ∈ X(k) has a
2-dimensional tangent space. Then ÔX,p is isomorphic to k[[x, y]]/(f) for some
element f ∈ k[[x, y]]. Write fi for the homogeneous term of degree i of f : then
suppose f0 = f1 = 0. Assume that that f2 is a quadratic form equivalent to xy
over k. Then there is an isomorphism k[[x, y]]/(f) ' k[[x, y]]/(xy). In other words,
every rational singular point with multiplicity two and with two rational distinct
tangent lines is a rational node.
7.3. Deformations of affine nodal curves. The first case we consider is the
one of an affine nodal curve X0 over k, with a single rational node p. Since the
complete local ring should give some control on the local structure of a scheme at
the corresponding point, and by definition we have an isomorphism of the complete
local ring ÔX0,p with k[[x, y]]/(xy), which is the complete local ring at the origin of
Y0
def
= V (xy) ⊆ A2k, one could hope to link the deformations of X0 and the ones of
V (xy) using this isomorphism, which is what we will do now.
The starting point is the following Theorem of Michael Artin (see [Art69]).
Theorem 7.4. Suppose X,Y are schemes of finite type over a base scheme S,
also of finite type over a field k. Let p ∈ X and q ∈ Y be two points with a fixed
isomorphism f : k(p) ' k(q) over S, and call s the image of p and q in S. Then f
extends to an isomorphism ÔX,p ' ÔY,q of ÔS,s-algebras if and only if there exists
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a scheme Z over S with two e´tale morphisms Z → X and Z → Y , fitting in the
commutative diagram below.
Spec k(p)
%%JJ
JJJ
##
Spec k(q)
∼oo
yyttt
tt
{{
Z
%%KK
KKK
K
yysss
sss
X
%%KK
KKK
K Y
yysss
ss
s
S
We apply the preceding Theorem with S = Spec k, X = X0 our curve, Y = Y0 =
V (xy) ⊆ A2k, p the rational node of X0, and q the origin in Y0.
Since we have an isomorphism ÔX0,p ' k[[x, y]]/(xy) = ÔY0,q extending the
identity k ' k on the residue fields, we conclude that there exist a scheme Z over
k with two e´tale morphisms f : Z → X0, g : Z → Y0, and a rational point z of Z
that gets mapped to p and q respectively, and fitting in a commutative diagram as
above.
We will use these two e´tale maps to link the deformations of X0 with the ones
of the “standard” nodal curve Y0. Precisely, applying the functor g
∗ to the stan-
dard miniversal deformation Ŷ = {Yn, fn}n∈N of Y0 (see Example 6.45) we get a
miniversal deformation Ẑ = {Zn, gn}n∈N of Z: here Zn can be defined inductively
as a scheme over k with an e´tale morphism Zn → Yn that fits in the cartesian
diagram
Zn−1
gn−1 //

Zn

Yn−1 // Yn.
Since X0 has isolated singularities we can also consider a miniversal deformation
X̂ = {Xn, hn} of X0, say over S ∈ (CompΛ), and apply the functor f∗. This way
we get another miniversal deformation Ẑ ′ = {Z ′n, g′n}n∈N of Z, defined the same
way as the one induced by Ŷ .
Since two miniversal deformations of the same scheme over k are isomorphic
(Proposition 6.30), we have an isomorphism (S, Ẑ ′)→ (R, Ẑ), which consists of an
isomorphism of Λ-algebras ϕ : R → S, together with isomorphisms αn : Z ′n → Zn
over ϕn, and compatible with the immersions gn and g
′
n.
Now we can consider the inverse ψ : S → R of ϕ, and the pullback X ′n of Xn
along Sn → Rn. This, together with the induced arrows h′n : X ′n → X ′n+1, gives
another formal deformation X̂ ′ = {X ′n, h′n}n∈N of X0 over R that is easily seen to be
miniversal too. Moreover the morphisms Z ′n → Xn and Z ′n → SpecSn → SpecRn
induce an e´tale morphism Z ′n → X ′n over SpecRn.
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Putting everything together, for every n we have a commutative diagram
Z ′n αn
∼ //








/
//
//
//
//
//
//
Zn
3
33
33







X ′n
%%LL
LLL
LLL
L Yn
yysss
sss
sss
SpecRn
where Z ′n → X ′n and Zn → Yn are e´tale, and moreover the morphisms in this
diagram are compatible with the closed immersions h′n, gn, g
′
n, fn and SpecRn →
SpecRn+1.
This gives us (by Theorem 7.4) a sequence of compatible isomorphisms
λn : ÔX′n,p → ÔYn,q ' Rn[[x, y]]/(xy − t)
in the sense that for every n the diagram
ÔX′n+1,p
λn+1 //

ÔYn+1,q

ÔX′n,p
λn // ÔYn,q
commutes, where the vertical maps are the projections.
From this discussion we get the following result, which gives a description of the
complete local ring of a global deformation of a curve around a rational node, which
is a “formal” description of the deformation around the node.
Proposition 7.5. Suppose that f : X → S is a flat morphism of finite type, the fiber
X0 = f
−1(s0) over a point s0 ∈ S is a curve over k(s0) with isolated singularities,
and p ∈ X0 is a rational node. Then there exists u ∈ ÔS,s0 and an isomorphism of
ÔS,s0-algebras
ÔX,p ' ÔS,s0 [[x, y]]/(xy − u) .
Proof. Since the statement is local, we can assume that p is the unique singu-
lar point of X0. We take Λ = ÔS,s0 , and consider the formal deformation X̂ =
{Xn, fn}n∈N over Λ defined by Xn = f−1(Spec Λn), where we see Spec Λn →
Spec Λ→ S as the n-th infinitesimal neighborhood of s0; the morphisms fn are the
induced closed immersions.
Since (Λ, X̂) is a formal deformation, we have a morphism of formal objects
(Λ, X̂) → (Λ[[t]], X̂ ′) (where X̂ ′ is the miniversal deformation of X0 constructed
above), that is, a homomorphism of Λ-algebras Λ[[t]] → Λ and closed immersions
Xn → X ′n such that for every n the diagram
Xn //

X ′n

Spec Λ // Spec Λ[[t]]
is cartesian.
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We call u the image of t along the homomorphism Λ[[t]]→ Λ, which we can see
as the quotient map Λ[[t]]→ Λ[[t]]/(t− u) ' Λ. Using the preceding discussion and
pulling back to Spec Λ we get a sequence of compatible isomorphisms of Λ-algebras
ÔXn,p ' Λ[[t]]n[[x, y]]/(xy − t, t− u) .
Finally, passing to the projective limit, this sequence induces an isomorphism
ÔX,p ' Λ[[t]][[x, y]]/(xy − t, t− u) ' Λ[[x, y]]/(xy − u)
which is what we want. 
Proposition 7.5 can be generalized to the case of local complete intersections
with isolated singularities.
Example 7.6. If instead of xy = 0 we take y2−x3 = 0 as standard singularity (and
we assume that char k 6= 2, 3), then by Example 6.46 we know that a miniversal
deformation of V (y2 − x3) ⊆ A2k is given by the pullbacks Xn = X|Rn of X =
V (y2 − x3 + t + ux) ⊆ A2R to the quotients of R = Λ[[t, u]], together with the
induced immersions Xn → Xn+1.
Then in the same way one can prove: if f : X → S is a flat morphism of fi-
nite type such that X0 = f
−1(s0) (with char(k(s0)) 6= 2, 3) is a curve with iso-
lated singularities over k(s0), and p ∈ X0 is a rational point such that ÔX0,p '
k(s0)[[x, y]]/(y
2 − x3), then there exist v, w ∈ ÔS,s0 and an isomorphism of ÔS,s0 -
algebras
ÔX,p ' ÔS,s0 [[x, y]]/(y2 − x3 + v + wx) .
Now we analyze briefly the more general case of affine curves with more than
one node. In this case one can repeat the argument we described for the curve with
one node, using instead of Y0 = V (xy) ⊆ A2k a disjoint union of copies of Y0, one
for each node of X0. We can get a miniversal deformation of this disjoint union
from the fact that its deformation category will be a product of some copies of
the deformation category of Y0, and once we have a miniversal deformation we can
repeat the argument above.
Here is the final results (analogous to the ones for curves with one node) that
one can get by the analysis above.
Proposition 7.7. Let X0 be an affine nodal curve over k, with r rational nodes
p1, . . . , pr and smooth elsewhere. Then there is a miniversal deformation X̂ =
{Xn, fn}n∈N of X0 over Λ[[t1, . . . , tr]], with compatible isomorphisms of Λ-algebras
ÔXn,pi ' Λ[[t1, . . . , tr]]n[[x, y]]/(xy − ti)
for every n and i.
Proposition 7.8. Let f : X → S be a flat morphism of finite type, and suppose
that the fiber X0 = f
−1(s0) over a point s0 ∈ S is a nodal curve over k(s0) with
r nodes p1, . . . , pr ∈ X0. Then there exist u1, . . . , ur ∈ Λ and isomorphisms of
OS,s0-algebras
ÔX,pi ' ÔS,s0 [[xy]]/(xy − ui) .
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7.4. Deformations of projective nodal curves. Now we turn to the case of
projective nodal curves. Let X0 be a projective nodal curve over k, and call
p1, . . . , pr ∈ X0 its rational nodes. In this case one shows, using the local-to-
global spectral sequence for Ext groups, that Ext2OX0 (ΩX0 ,OX0) = 0, so (by The-
orem 5.14) X0 is unobstructed.
Now take an open affine subscheme U0 ⊆ X0, containing all the nodes p1, . . . , pr.
Since the open immersion i : U0 → X0 is e´tale, we have an induced restriction
functor i∗ : DefX0 → DefU0 , which in this case is a “true” restriction (in the sense
that i∗(X) is the open subscheme of X with underlying topological space U0). Then
one shows that the differential dX0i
∗ : TX0Def → TU0Def of this restriction functor
is surjective.
Exercise 7.9. Prove that Ext2OX0 (ΩX0 ,OX0) = 0, and that the differential
dX0i
∗ : TX0Def −→ TU0Def
of the restriction functor is surjective.
Finally from these two facts, using a reasoning similar to that in the proof of
Proposition 3.36, one shows that every formal deformation of U0 is isomorphic to
the restriction of a formal deformation of X0.
Using this and the results on algebraization of Section 6, we get the following
Proposition.
Proposition 7.10. Let X0 be a projective nodal curve over k, with rational nodes
p1, . . . , pr ∈ X0, and u1, . . . , ur ∈ Λ be arbitrary elements. Then there exists a flat
and projective scheme X over Λ, having closed fiber isomorphic to X0, and such
that
ÔX,pi ' Λ[[x, y]]/(xy − ui) .
for every node pi ∈ X0.
Proof. Let Λ[[t1, . . . , tr]] be the base ring of the miniversal deformation of U0 of
Proposition 7.7, and consider the homomorphism of Λ-algebras Λ[[t1, . . . , tr]] → Λ
defined by ti 7→ ui. This induces by pullback a formal deformation Û = {Un, fn}n∈N
of U0 over Λ.
By the remarks above, we can find a formal deformation X̂ = {Xn, gn}n∈N
such that the restriction î∗(X̂) is isomorphic to Û . Since X0 is projective and
H2(X0,OX0) = 0, by Theorem 6.51 the formal deformation X̂ is algebraizable,
that is, we can find a flat and projective scheme X → Spec Λ inducing X̂.
In particular X has closed fiber isomorphic to X0, and since it restricts to a
formal deformation isomorphic to Û constructed above, by Proposition 7.8 we have
ÔX,pi ' Λ[[x, y]]/(xy − ui) .
for every node pi. 
In particular we deduce the following corollary, which shows that if Λ is one-
dimensional, we can always deform X0 to a smooth curve.
Corollary 7.11. Let X0 be a projective nodal curve as in the preceding Proposition,
and suppose that dim Λ = 1 (for example Λ = k[[t]]). Then there exists a flat and
projective morphism X
pi−→ Spec Λ such that the closed fiber is isomorphic to X0,
and X \X0 → Spec Λ \ {mΛ} is smooth.
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Proof. Let u ∈ mΛ be a system of parameters for Λ, and take the deformation
X → Spec Λ of X0 given by Proposition 7.10, with ui = u for every i.
Let U be the open subset of X on which the coherent sheaf ΩX/Λ is locally
free of rank 1 (or equivalently where X is smooth over Λ). We want to show that
U = X \ {p1, . . . , pr}.
Consider an irreducible component V of X \ U , with generic point p ∈ V ⊆ X.
Since V is closed in X and X → Spec Λ is proper, we must have V ∩ X0 6= ∅
(because the image of X → Spec Λ contains the maximal ideal mΛ). Since X0 is
smooth outside p1, . . . , pr, there exists an i such that pi ∈ V ∩ X0; we will show
that V = {pi}, and this will conclude the proof.
We consider the complete local ring R = ÔX,pi ' Λ[[x, y]]/(xy − u), and the
module of continuous Ka¨hler differentials Ω̂R/Λ (see Appendix B), which is an R-
module with two generators dx, dy, and the relation ydx+ xdy = 0. This can also
be seen as the cokernel of the homomorphism R → R ⊕ R given by multiplication
by the vector (y, x).
If p ∈ SpecR does not contain the ideal (x, y), then one of x, y is invertible in p,
and then Ω̂R/Λ is locally free of rank 1 over Rp. Since the radical of (x, y) is mR,
we conclude that Ω̂R/Λ|SpecR\{mR} is locally free of rank 1.
Now the natural morphism OX,pi → ÔX,pi = R is faithfully flat, and then
SpecR → SpecOX,pi is flat and surjective. Moreover the inverse image of the
closed point mpi is {mR}, and so we can restrict the morphism above to
SpecR \ {mR} −→ SpecOX,pi \ {mpi}
that is flat and surjective too. From this, and the fact that the pullback of ΩX/Λ to
SpecR \ {mR} is locally free of rank 1 (since it is isomorphic to Ω̂R/Λ|SpecR\{mR},
as one easily checks), we get that its pullback to SpecOX,pi \ {mpi} along the
morphism
SpecOX,pi \ {mpi} −→ X
is also locally free of rank 1.
Finally, the generic point p of V is in the image of the morphism above (since this
image it is the set of the generic points of irreducible components of X containing
pi), but the stalk ΩX/Λ,p is not free of rank 1 by hypothesis. From this we get that
the maximal ideal mpi goes to p, or in other words p = pi, and V = {pi} (since pi
is closed), as we claimed. 
Appendix A. Linear functors
In this Appendix we give some results on functors from categories of modules
(or vector spaces) that preserve finite products. Throughout this Appendix A will
be a noetherian ring (commutative and with identity, as usual).
Let F : (FModA)→ (Set) be a functor. If M,N ∈ (FModA) , the two projections
M ⊕ N → M and M ⊕ N → N induce two functions F (M ⊕ N) → F (M) and
F (M ⊕N)→ F (N), and in turn these induce ϕM,N : F (M ⊕N)→ F (M)×F (N).
Definition A.1. A functor F : (FModA)→ (Set) is said to preserve finite products
if the function ϕM,N is bijective for every M,N ∈ (FModA), and F (0) 6= ∅.
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Definition A.2. A functor F : (FModA) → (ModA) is said to be A-linear if for
every M,N ∈ (FModA) the function
HomA(M,N) −→ HomA(F (M), F (N))
is a homomorphism of A-modules.
It is easy to see that if F : (FModA) → (ModA) is A-linear, then the induced
functor (FModA)→ (Set) preserves finite products, and the bijection ϕM,N : F (M⊕
N) → F (M) × F (N) is actually an isomorphism of A-modules (with the product
structure on the target).
The following Proposition shows that if a functor F : (FModA)→ (Set) preserves
finite products, then each F (M) has a canonical structure of A-module.
Proposition A.3. Let F : (FModA) → (Set) be a functor that preserves finite
products. Then there exists a unique A-linear lifting F˜ : (FModA) → (ModA) of
F , that is, an A-linear functor such that its composite with the forgetful functor
(ModA)→ (Set) is F .
With “unique” above we mean really unique, not only up to isomorphism.
Proof. We define a structure of A-module on every F (M), and call F˜ (M) the set
F (M) with this A-module structure. First, notice that F (0) (where 0 is the zero A-
module) has exactly one element. In fact the two projections 0⊕0→ 0 are the same
function, and then the same is true for the two induced functions F (0⊕0)→ F (0).
But now we know that F (0⊕ 0) ' F (0)×F (0), and for the projections on the two
factors to be the same function, we must have that F (0) has at most one element.
Finally, it has at least one, since F (0) 6= ∅ by hypothesis.
Now fix M ∈ (FModA), and notice that we have a unique homomorphism 0 →
M . We define the image of the induced F (0) → F (M) to be the zero vector of
F (M).
Next, we define scalar multiplication: if a ∈ A, we have a homomorphism
µA : M → M given by scalar multiplication by a. We define then scalar multi-
plication by a in F (M) to be the induced function F (µA) : F (M)→ F (M).
Finally, we define addition. Consider the “sum” homomorphism +: M ⊕M →
M defined by (m,n) 7→ m + n; this induces a function F (M ⊕ M) → F (M),
which, using the bijection ϕM,M : F (M ⊕M) ' F (M) × F (M), gives a function
F (M)×F (M)→ F (M). We define the sum in F (M) by means of the last function.
Now one should verify that the data defined give a structure of A-module on
F (M), and that if M → N is a homomorphism, then the induced F (M) → F (N)
is a homomorphism too. The method to verify the various axioms (and also the
last fact about homomorphisms) is to rewrite everything using of commutative
diagrams, and then use the appropriate functorialities to conclude. We leave these
verifications (as well as those for uniqueness and linearity) to the reader. 
Now we turn to natural transformations.
Definition A.4. Let F , G : (FModA)→ (ModA) be two functors. A natural trans-
formation α : F → G is said to be A-linear if for every M ∈ (FModA) the function
αM : F (M)→ G(M) is A-linear.
The following Proposition is useful when one has to show that a bijection is
an isomorphism of modules, and can be proved by using the defining property
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of a natural transformation, and the structure of module given in the previous
Proposition.
Proposition A.5. Let F , G : (FModA) → (Set) be two functors that preserve
finite products, F˜ , G˜ : (FModA) → (ModA) the two A-linear liftings coming from
the preceding Proposition, and α : F → G a natural transformation. Then for every
M ∈ (FModA) the function αM : F˜ (A) → G˜(A) is A-linear, and so α induces an
A-linear natural transformation α˜ : F˜ → G˜.
Finally, we see that if A = k is a field, then k-linear functors are particularly
simple to describe.
Proposition A.6. Let G : (FVectk) → (Vectk) be a k-linear functor. Then for
every V ∈ (FVectk) there is a functorial isomorphism
G(V ) ' V ⊗k G(k) .
In particular G is an exact functor (carries exact sequences into exact sequences),
since the functor −⊗k G(k) is.
Proof. We define a natural transformation τ : − ⊗kG(k) → G as follows: for V ∈
(FVectk) we define τ(V ) : V ⊗k F (k)→ F (V ) by
τ(V )(v ⊗ α) = F (ϕv)(α)
where ϕv : k → V is the k-linear function sending 1 into v. It is readily checked
that τ is a natural transformation.
We check that each τ(V ) is an isomorphism. If V = k, then τk : k⊗kF (k)→ F (k)
is easily seen to be the canonical isomorphism defined by a⊗ α 7→ a · α.
If V = kn, then we have a commutative diagram
kn ⊗k F (k) τkn //

F (kn)

(k ⊗k F (k))n
(τk)
n
// F (k)n
where the left vertical arrow is the canonical isomorphism, the right hand vertical
one is the isomorphism given by k-linearity of F to kn ' k⊕ · · · ⊕ k (applied n− 1
times), and the bottom one is an isomorphism because τk is. It follows that τkn is
an isomorphism too.
Finally, for a general V ∈ (FVectk), we take an isomorphism V ' kn where n is
the dimension of V , and reduce this case to the preceding one. 
Appendix B. Noetherian complete local rings
In this Appendix we gather some definitions and facts about noetherian complete
local algebras over Λ (which is as usual a noetherian complete local ring) with
residue field k, which we apply in Sections 6 and 7. We denote the category of such
rings by (CompΛ), where as usual we consider only local homomorphisms (which
are also precisely the continuous ones with respect to the natural topologies).
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Vertical tangent and cotangent spaces. First of all we set up some notation.
Let R ∈ (CompΛ), and mR ⊆ R be the maximal ideal as usual; there is another
important ideal of R, the extension mΛR ⊆ mR ⊆ R of the maximal ideal of Λ.
In this situation, we denote by Rn the quotient R/m
n+1
R , which is an object of
(ArtΛ), and by R the quotient R/mΛR, an object of (Compk). If ϕ : R → S is a
homomorphism in (CompΛ), we will denote by ϕn : Rn → Sn and ϕ : R → S the
induced ones.
So Rn ∈ (Artk) will be the quotient R/mn+1R ' Rn/mΛRn ' Rn ⊗Λ k, and in
particular we have
R1 ' k ⊕mR1 ' k ⊕mR/m2R
because m2
R1
= (0).
Definition B.1. The vertical cotangent space of R is the finite-dimensional k-
vector space
T∨ΛR = mR/(mΛR+m
2
R) .
Its dual
TΛR = (mR/(mΛR+m
2
R))
∨
is called the vertical tangent space of R.
The name “vertical tangent space” comes from the fact that TΛR is the tangent
space of the fiber of the morphism SpecR→ Spec Λ over the maximal ideal (which
is SpecR), at the only closed point. In fact one easily checks that there is a canonical
isomorphism
TΛR = (mR/(mΛR+m
2
R))
∨ ' (mR/m2R)∨
As one expects, there is a related notion of differential of a homomorphism
ϕ : R→ S in (CompΛ). This comes from the fact that ϕ(mR) ⊆ mS and ϕ(mΛR+
m2R) ⊆ mΛS +m2S , so ϕ induces a k-linear map
ϕ∗ : mR/(mΛR+m2R) −→ mS/(mΛS +m2S)
between the cotangent spaces, which we call the codifferential of ϕ.
Dualizing, we get another k-linear map
dϕ : (mS/(mΛS +m
2
S))
∨ −→ (mR/(mΛR+m2R))∨
that we call the differential of ϕ. It is the differential of the morphism induced by
ϕ between the closed fibers SpecS → SpecR.
These constructions are clearly functorial, in the sense that differential and cod-
ifferential of a composite coincides with the composites of the differentials and
codifferentials respectively.
We have the following important Proposition.
Proposition B.2. Let R,S ∈ (CompΛ), and ϕ : R → S be a homomorphism. If
the codifferential ϕ∗ : T∨ΛR→ T∨ΛS is surjective, than ϕ itself is surjective.
Proof. Let us consider first the homomorphisms of k-algebras ϕn : Rn → Sn induced
by ϕ. We show inductively that ϕn is surjective for every n.
To do this, notice that surjectivity of the codifferential ϕ∗ : mR/m
2
R
→ mS/m2S
implies that of the map
fn : m
n
R
/mn+1
R
−→ mn
S
/mn+1
S
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induced by ϕn, for any n (as is easily checked). Now we come to ϕn: if n = 1, we
have that ϕ1 : k⊕T∨ΛR→ k⊕T∨ΛS is surjective because the codifferential ϕ∗ is, by
hypothesis. Suppose that we know that ϕn−1 is surjective; we have a commutative
diagram with exact rows
0 // mnR/m
n+1
R
//
fn

Rn
//
ϕn

Rn−1 //
ϕn−1

0
0 // mnS/m
n+1
S
// Sn // Sn−1 // 0
and by diagram chasing the surjectivity of ϕn−1 and fn implies that of ϕn.
Now consider ϕn : Rn → Sn; we show that all these homomorphisms are sur-
jective as well. Notice that Rn and Sn are finite as Λ-modules, because they have
a finite filtration (given by the powers of the maximal ideal), such that successive
quotients are finite-dimensional k-vector spaces.
Recall also that Rn ' Rn⊗Λ k and Sn ' Sn⊗Λ k, and ϕn is the homomorphism
induced by ϕn. Since ϕn is surjective, we can apply Nakayama’s Lemma and deduce
that ϕn is surjective too.
Finally, we pass to ϕ : R→ S, which is the projective limit of the homomorphisms
ϕn. If we set Kn
def
= ker(Rn → Sn), we have for every n an exact sequence
0 // Kn // Rn // Sn // 0
that together give an exact sequence of projective systems. Since in our case Rn is
artinian (and so Kn is as well), the Mittag-Leffler condition (for every n the image
of Kn+k → Kn is the same for all k’s large enough) is certainly satisfied, and then
the induced homomorphism
lim←−ϕn = ϕ : lim←−Rn ' R −→ lim←−Sn ' S
is surjective. 
From the last Proposition we get the following corollary.
Corollary B.3. Let R,S ∈ (CompΛ), and ϕ : R → S be a homomorphism such
that the codifferential ϕ∗ : T∨ΛR→ T∨ΛS is surjective. Then:
(i) If `(Rn) = `(Sn) for all n (where `(−) denotes the length as a Λ-module),
then ϕ is an isomorphism.
(ii) If ψ : S → R is a homomorphism, and the codifferential ψ∗ : T∨ΛS → T∨ΛR is
surjective, then ϕ is an isomorphism.
(iii) If R and S are isomorphic, then ϕ is an isomorphism.
Proof. The first assertion follows from the fact that `(Rn) = `(Sn) implies `(Kn) =
0 (with the notation of the preceding proof), and consequently that each ϕn : Rn →
Sn is an isomorphism. In conclusion ϕ = lim←−ϕn is an isomorphism as well.
For the second statement, if ψ : S → R is a homomorphism with surjective
codifferential ψ∗ : T∨ΛS → T∨ΛR, by the proof of the preceding Proposition we deduce
that ψn : Sn → Rn is surjective for every n, and this, together with the fact that
ϕn : Rn → Sn is surjective as well, implies that `(Rn) = `(Sn), so we can apply the
first part of the corollary.
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This last argument clearly proves (iii) as well (because if ψ : S → R is an isomor-
phism, then in particular the codifferential will be surjective), and this concludes
the proof. 
Notice that it is not sufficient to have a surjective map T∨ΛS → T∨ΛR to conclude
that ϕ above is an isomorphism, but we must have a homomorphism S → R with
surjective codifferential.
In particular the fact that ϕ∗ is an isomorphism does not imply that ϕ itself is.
Power series rings. Now we turn to power series rings over Λ. For any n, the
power series ring on n indeterminates R
def
= Λ[[x1, . . . , xn]] is an object of (CompΛ).
Since the ideal mΛR ⊆ R coincides with the kernel of the natural homomorphism
Λ[[x1, . . . , xn]]→ k[[x1, . . . , xn]] (as one easily checks, using noetherianity of Λ), we
get that R ' k[[x1, . . . , xn]]. In particular
T∨ΛR ' mk[[x1,...,xn]]/m2k[[x1,...,xn]]
is a k-vector space of dimension n, with basis [x1], . . . , [xn].
The next Proposition shows that power series rings have properties similar to
those of polynomial rings, with respect to complete algebras.
Proposition B.4. Let R ∈ (CompΛ), and a1, . . . , an ∈ mR. Then there exists a
unique homomorphism ϕ : Λ[[x1, . . . , xn]]→ R such that ϕ(xi) = ai.
Proof. By the properties of polynomial rings, for every k we have a unique homo-
morphism
ϕk : Λ[[x1, . . . , xn]]k ' Λ[x1, . . . , xn]/mk+1Λ[x1,...,xn] −→ Rk
sending [xi] into [ai]. By completeness we get a homomorphism
ϕ
def
= lim←−ϕk : lim←−Λ[[x1, . . . , xn]]k ' Λ[[x1, . . . , xn]] −→ lim←−Rk ' R
such that ϕ(xi) = ai.
Moreover if ψ : Λ[[x1, . . . , xn]]→ R is a homomorphism with this property, then
for every k the induced homomorphism
ψk : Λ[x1, . . . , xn]/m
k+1
Λ[x1,...,xn]
−→ Rk
sends [xi] into [ai], and so coincides with ϕk above. This implies ψ = lim←−ψk =
lim←−ϕk = ϕ and concludes the proof. 
The following is an immediate consequence of Proposition B.4 and part (ii) of
Corollary B.3.
Corollary B.5. Let R ∈ (CompΛ), and assume we have a homomorphism ϕ : R→
Λ[[x1, . . . , xn]] such that the codifferential ϕ∗ : T∨ΛR → T∨Λ Λ[[x1, . . . , xn]] is an iso-
morphism. Then ϕ is an isomorphism.
Proof. Let us take elements a1, . . . , an ∈ mR such that ϕ∗([ai]) = [xi], and such
that [a1], . . . , [an] form a basis of T
∨
ΛR. By Proposition B.4 we can find then a
homomorphism ψ : Λ[[x1, . . . , xn]] → R such that ψ(xi) = ai; its codifferential will
then be surjective, and part (ii) of Corollary B.3 lets us conclude that ϕ is an
isomorphism. 
From this we get a description of noetherian complete local rings as quotients of
power series rings.
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Corollary B.6. Every R ∈ (CompΛ) is a quotient of the ring Λ[[x1, . . . , xn]] for
some n. Moreover, the minimum such n is the dimension of the vertical cotangent
space T∨ΛR of R.
Proof. Set n
def
= dimk T
∨
ΛR, and consider elements a1, . . . , an ∈ mR such that
[a1], . . . , [an] is a basis of T
∨
ΛR. By Proposition B.4 we can define a homomor-
phism ϕ : Λ[[x1, . . . , xn]] → R such that ϕ(xi) = ai; its codifferential will then be
surjective, and by Proposition B.2 ϕ will be surjective too. In other words, R is a
quotient of Λ[[x1, . . . , xn]].
On the other hand if ϕ : Λ[[x1, . . . , xr]] → R is surjective then the codifferential
ϕ∗ : T∨Λ Λ[[x1, . . . , xr]]→ T∨ΛR is surjective too, and this implies that r ≥ n. 
Finally we prove a criterion that characterizes power series rings as formally
smooth algebras in (CompΛ).
Theorem B.7. Let R ∈ (CompΛ). Then R is a power series ring if and only if
for every surjection A′ → A in (ArtΛ) and every homomorphism R → A, we can
find a lifting R→ A′.
Proof. If R is a power series ring, then Proposition B.4 implies that we can lift
homomorphisms along small extensions.
Conversely, suppose that the lifting property holds, and take a homomorphism
ϕ : Λ[[x1, . . . , xn]]→ R such that the codifferential ϕ∗ : T∨Λ Λ[[x1, . . . , xn]]→ T∨ΛR is
an isomorphism (using the last corollary, for example).
Now notice that the quotient map Λ[[x1, . . . , xn]]1 → T∨Λ Λ[[x1, . . . , xn]] is a sur-
jection in (ArtΛ), and then by hypothesis we can lift the homomorphism R →
T∨ΛR
(ϕ∗)−1−−−−→ T∨Λ Λ[[x1, . . . , xn]] to R→ Λ[[x1, . . . , xn]]1
R
{{
behk
o
s
w
Λ[[x1, . . . , xn]]1 // T∨Λ Λ[[x1, . . . , xn]].
Likewise, since the quotient map Λ[[x1, . . . , xn]]k → Λ[[x1, . . . , xn]]k−1 is a surjection
in (ArtΛ), we can lift inductively the homomorphism R → Λ[[x1, . . . , xn]]k−1 to a
homomorphism R→ Λ[[x1, . . . , xn]]k.
Finally, taking the projective limit of the sequence of compatible homomorphisms
above, we obtain a homomorphism ψ : R → Λ[[x1, . . . , xn]] such that the codiffer-
ential ψ∗ : T∨ΛR → T∨Λ Λ[[x1, . . . , xn]] is an isomorphism (the inverse of ϕ∗), and
by Proposition B.5 this implies that ϕ is an isomorphism, so R is a power series
ring. 
Actually the criterion can be strengthened by replacing “surjection” A′ → A by
“small extension”. To see this it suffices to factor a surjection as a composite of
small extensions and lift the homomorphism successively, as usual.
Continuous Ka¨hler differentials. In this section we introduce a module of dif-
ferentials for objects of (CompΛ) that is much more useful than the standard one.
Let R be an object of (CompΛ). Then we have the usual module of Ka¨hler
differentials ΩR/Λ with the universal Λ-derivation d : R → ΩR/Λ, which has the
following universal property: if D : R→M is a Λ-derivation then there is a unique
homomorphism of R-modules f : ΩR/Λ →M such that D = f ◦ d.
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For some applications this module is too large: for example, one can show that
Ωk[[x]]/k is not finitely generated over k[[x]], since the field of fractions k((x)) of k[[x]]
has infinite transcendence degree over k, and
Ωk[[x]]/k ⊗k[[x]] k((x)) = Ωk((x))/k
is not finitely generated over k((x)).
Because of this we define another module of differentials that is better be-
haved. We consider derivations D : R→M where M is a module that is separated
with respect to the mR-adic topology, that is, the intersection of the submodules
{miRM}i∈N is the zero submodule. For example, by one of Krull’s Theorems, finitely
generated R-modules are separated.
We want then a finitely generated R-module Ω̂R/Λ with a derivation d : R →
Ω̂R/Λ, such that for every derivation D : R→M , where M is a separated R-module,
there exists a homomorphism f : Ω̂R/Λ →M such that D = f ◦ d.
Write R as a quotient of a power series ring (Corollary B.6)
R ' Λ[[x1, . . . , xn]]/I
and suppose that I = (f1, . . . , fk). We consider the free R-module on n elements
dx1, . . . , dxn, and its submodule J generated by the elements
dfi =
[
∂fi
∂x1
]
dx1 + · · ·+
[
∂fi
∂xn
]
dxn
for i = 1, . . . , k; we define then
Ω̂R/Λ = (Rdx1 ⊕ · · · ⊕Rdxn)/J .
Moreover we have a derivation d : R→ Ω̂R/Λ given by
d([g]) =
[[
∂g
∂x1
]
dx1 + · · ·+
[
∂g
∂xn
]
dxn
]
for [g] ∈ R, which is easily seen to be well-defined.
Proposition B.8. The R-module Ω̂R/Λ and the derivation d : R→ Ω̂R/Λ have the
universal property above.
Proof. We sketch the idea of the proof, without going into details. Let D : R→M
be a Λ-derivation of R into a separated R-module M .
We start by defining Rdx1⊕· · ·⊕Rdxn →M by saying that dxi goes to D([xi]),
and then extending by linearity. To see that this induces a homomorphism on
the quotient Ω̂A/Λ, the key point is to see that the derivation D is completely
determined by D([xi]) for i = 1, . . . , n.
This is clearly true for D([p]) where p is a polynomial, by using the Leibnitz rule
repeatedly. The fact that D is uniquely determined on power series follows from
the fact that derivations are continuous with respect to the mR-adic topology, and
from separateness of M . 
Definition B.9. The R-module Ω̂R/Λ is called the module of continuous Ka¨hler
differentials of R, and d is the universal continuous derivation.
The Proposition above implies in particular that changing the presentation of
R as a quotient of a power series ring we get isomorphic modules of continuous
differentials.
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Now suppose that R,S ∈ (CompΛ), and that ϕ : R → S is a surjection with
kernel I ⊆ R. Because of the universal property of Ω̂R/Λ and the fact that the
composite R → S → Ω̂S/Λ is a Λ-derivation, we get a homomorphism of R-
modules Ω̂R/Λ → Ω̂S/Λ, which tensoring by S induces a homomorphism of S-
modules f : Ω̂R/Λ ⊗R S → Ω̂S/Λ.
Moreover the universal derivation d : R → Ω̂R/Λ induces as usual a homomor-
phism of S-modules I/I2 → Ω̂R/Λ ⊗R S that we still denote by d. The following
Proposition is proved in the same way as its analogue for the standard modules of
differentials.
Proposition B.10. If ϕ : R→ S is a surjection in (CompΛ), then the sequence of
S-modules
I/I2
d // Ω̂R/Λ ⊗R S
f // Ω̂S/Λ // 0
is exact.
The sequence above is called the conormal sequence associated with the homo-
morphism ϕ.
Appendix C. Some other facts and constructions
In this Appendix we gather some other miscellaneous standard results and con-
structions that are used throughout this work.
Fibered products of categories. Let F ,G,H be three categories, with two func-
tors F : F → H and G : G → H. We want to define a “fibered product” category
F ×H G with two functors piF : F ×H G → F and piG : F ×H G → G, such that the
composites F ◦ piF and G ◦ piG are isomorphic as functors F ×H G → H, and such
that for any other category C with two functors ϕF : C → F and ϕG : C → G and a
fixed isomorphism of functors F ◦ ϕF ' G ◦ ϕG there exists a dotted functor as in
the diagram below
C
ϕF
##
ϕG
!!
ψ
""F
F
F
F
F
F
F ×H G piF //
piG

F
F

G
G
// H
such that piF ◦ψ = ϕF and piG ◦ψ = ϕG (which are actual equalities, and not merely
isomorphisms of functors).
We define such a category F ×H G as follows:
Objects: are triplets (X,Y, f) where X ∈ F , Y ∈ G and f : F (X)→ G(X) is
an isomorphism in the category H.
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Arrows: from (X,Y, f) to (Z,W, g) are pairs (h, k) of arrows h : X → Z of
F and k : Y →W of G, such that the diagram
F (X)
F (h) //
f

F (Z)
g

G(Y )
F (k)
// G(W )
is commutative.
Composition of arrows is defined in the obvious way, as well as the two functors
piF , piG ; for example piF : F ×H G → F sends an object (X,Y, f) into X ∈ F , and
an arrow (h, k) to h.
Moreover notice that the composites F ◦ piF and G ◦ piG are clearly isomorphic:
starting from (X,Y, f) ∈ F ×H G we have (F ◦ piF )(X,Y, f) = F (X) and (G ◦
piG)(X,Y, f) = G(Y ), so f : F (X) → G(Y ) gives the desired isomorphism. The
compatibility property on arrows ensures that these isomorphisms altogether give
a natural transformation.
Proposition C.1. The category F ×H G with the functors piF , piG has the property
stated above.
Proof. Suppose we have a category C with two functors ϕF : C → F and ϕG : C → G,
and a fixed isomorphism of functors α : F ◦ ϕF ' G ◦ ϕG . We define a functor
ψ : C → F ×H G as follows: if X ∈ C, we set ψ(X) def= (ϕF (X), ϕG(X), α(X)), and
an arrow f : X → Y of C goes to the arrow (ϕF (f), ϕG(f)) of F ×H G.
It is immediate to check that ψ is well-defined, and that piF ◦ ψ = ϕF and
piG ◦ ψ = ϕG . 
Definition C.2. The category F ×H G is called the fibered product of F and G
over H.
Remark C.3. The property that we used as starting point to define the fibered
product looks much like a universal property (which should define it up to equiva-
lence), apart from the fact that there is no uniqueness required on the functor ψ.
On the other hand we defined the fibered product explicitly, and we will not need
this “uniqueness” part.
Nevertheless, we remark that it is possible to give a universal property that
identifies the fibered product up to equivalence, but the natural setting in which
this property is stated is that of 2-categories.
The local flatness criterion. The following Theorem gives an important flatness
criterion.
Theorem C.4 (Local flatness criterion). Let A be a ring, I ⊆ A a proper ideal,
and M an A-module. If either
(i) I is nilpotent, or
(ii) A is a noetherian local ring and M is a finitely generated B-module, where B
is a noetherian local ring with a local homomorphism ϕ : A→ B and the two
structures of module on M are compatible with ϕ
then the following conditions are equivalent:
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• M is a flat A-module.
• M/IM is flat over A/I and TorA1 (M,A/I) = 0.
• M/InM is flat over A/In for every n ≥ 1.
See [Mat86, § 22] for this.
A base change result. Let X be a scheme over a noetherian ring A, and E be a
coherent sheaf on X. We want to understand the relation between the A-modules
Hi(X,M ⊗A E) and M ⊗A Hi(X, E) (this is a particular case of the “base change
problem”).
There is a natural homomorphism
ϕiM : M ⊗A Hi(X, E) −→ Hi(X,M ⊗A E)
that is defined as follows. An element m ∈ M corresponds to a homomorphism
of A-modules m : A → M , defined by a 7→ a · m. We can consider then the
homomorphism m ⊗ id : E ' A ⊗A E → M ⊗A E , which induces a homomorphism
in cohomology (m⊗ id)∗ : Hi(X, E)→ Hi(X,M ⊗A E).
We define then a function F : M × Hi(X, E) → Hi(X,M ⊗A E) by F (m,α) =
(m ⊗ id)∗(α); this function is A-bilinear in both variables, and so it induces a
homomorphism of A-modules ϕiM : M ⊗A Hi(X, E)→ Hi(X,M ⊗A E).
We have the following classical result.
Theorem C.5. Let X be a proper scheme over A, E a coherent sheaf on X,
flat over A, and assume that for every closed point p ∈ SpecA and a fixed i the
homomorphism
ϕik(p) : k(p)⊗A Hi(X, E) −→ Hi(X, k(p)⊗A E)
is surjective. Then for every A-module M the homomorphism ϕiM is an isomor-
phism.
Definition C.6. If the conclusion of this theorem holds for a coherent sheaf E
and a natural number i, we say that the cohomology group Hi(X, E) satisfies base
change.
For a discussion of base change and the theorem above, see for example Sections
7.7 and 7.8 of [Gro63], or [Har77, III, 12].
The following theorem tells us that sheaves of differentials satisfy base change in
a particular case (see [Del68, Theorem 5.5 (i)]).
Theorem C.7 (Deligne). Let X be a proper and smooth scheme over a noetherian
Q-algebra A, and consider the coherent sheaf of Ka¨hler differentials ΩX/A, and its
exterior powers ΩiX/A =
∧i
ΩX/A. Then all the cohomology groups H
i(X,ΩjX/A)
satisfy base change.
Appendix D. The Rim–Schlessinger condition for flat modules and
algebras
In this Appendix we prove Proposition 2.35. For any ring A we denote by ModflA
the category of flat A-modules. Given a ring homomorphism A → B, we have a
functor ModflA→ ModflB obtained by tensoring with B over A. Suppose that we
have a diagram
A′
ρ′−→ A ρ
′′
←− A′′
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of ring homomorphisms, such that ρ′′ : A′′ → A is surjective with nilpotent ker-
nel; we denote this diagram by A•. Let B be the fibered product A′ ×A A′′.
An object of the fibered product ModflA′ ×Modfl A ModflA′′ consists of a triplet
(M ′,M ′′, αM ), where M ′ and M ′′ are flat modules over A′ and A′′ respectively,
and αM is an isomorphism of A-modules αM : M
′ ⊗A′ A ' M ′′ ⊗A′′ A. An arrow
(M ′1,M
′′
1 , αM1) → (M ′2,M ′′2 , αM2) is a pair (f ′, f ′′) of homomorphisms f ′ : M ′1 →
M ′2 and f
′′ : M ′′1 → M ′′2 that compatible with the α’s, in the obvious sense. We
denote the category ModflA′×Modfl AModflA′′ by ModflA•; its objets will be called
flat A•-modules.
The natural functor Φ: ModflB → ModflA• sends a flat B-module N into the
triplet N ⊗B A• def= (N ⊗B A′, N ⊗B A′′, αN ), where αN is the isomorphism (N ⊗B
A′)⊗A′ A ' (N ⊗B A′′)⊗A′′ A obtained by composing the canonical isomorphisms
(N ⊗B A′)⊗A′ A ' N ⊗B A and N ⊗B A ' (N ⊗B A′)⊗A′ A.
One can also consider the category AlgflA of flat A-algebras, define the cate-
gory AlgflA• as the fibered product AlgflA′ ×Algfl A AlgflA′′, and define a functor
Φ: AlgflB → AlgflA• in a completely similar fashion.
Proposition D.1. The functors ModflB → ModflA• and AlgflB → AlgflA• are
equivalences of categories.
Proof. Let us construct a quasi-inverse Ψ: ModflA• → ModflB. Given a flat
A•-module M = (M ′,M ′′, αM ), we define ΨM as the kernel of the surjective
homomorphism δM : M
′ ×M ′′ →M ′′ ⊗A′′ A defined by (m′,m′′) 7→ αM (m′ ⊗ 1)−
m′′⊗ 1. The product M ′×M ′′ is an A′×A′′-module, and ΨM is a sub-B-module.
This defines a functor from ModflA• to the category of B-modules.
Notice that by tensoring the exact sequence of B-modules
0 // B // A′ ×A′′ ρ
′−ρ′′ // A // 0
with a flat B-module N we get an exact sequence
0 // N // (N ⊗B A′)× (N ⊗B A′′) // N ⊗B A // 0 ,
which yields a functorial isomorphism ΨΦN ' N of B-modules.
So we have left to show two things:
(a) ΨM is always flat, and
(b) for all M in ModflA′ ×Modfl A ModflA′′, there is a functorial isomorphism
ΦΨM 'M .
So, let M = (M ′,M ′′, αM ) be a flat A•-module. The inclusion ΨM ⊆ M ′ ×
M ′′ induces B-linear maps ΨM → M ′ and ΨM → M ′′, which in turn induce
homomorphisms ϕ′M : ΨM ⊗B A′ → M ′ and ϕ′′M : ΨM ⊗B A′′ → M ′′. We will
show that ΨM is a flat B-module, and that ϕ′M and ϕ
′′
M are isomorphisms. The
functorial isomorphism ΦΨM ' M is (ϕ′M , ϕ′′M ). (Notice that ϕ′M and ϕ′′M are
isomorphism when M is of the form ΦN , as was shown above).
Choose a free B-module F0 with a surjective homomorphism of A
′-modules
f ′ : F0 ⊗B A′ →M ′. The induced homomorphism of A-modules
α ◦ (f ⊗ idA) : F0 ⊗B A −→M ′′ ⊗A′′ A
lifts to a homomorphism of A′′ modules f ′′ : F0 ⊗B A′′ → M ′′, which is still sur-
jective, because the kernel of A′′ → A is nilpotent. Then (f ′, f ′′) gives a surjective
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homomorphism F
def
= ΦF0 → M in ModflA•. Denote by K ′ and K ′′ the kernels of
f ′ and f ′′ respectively. Because of the flatness of M ′ and M ′′, the two sequences
0 // K ′ ⊗A′ A // F ′ ⊗A′ A // M ′ ⊗A′ A // 0
and
0 // K ′′ ⊗A′′ A // F ′′ ⊗A′′ A // M ′ ⊗A′′ A // 0
are exact; hence the isomorphism αF : F
′⊗A′ A ' F ′′⊗A′′ A restricts to an isomor-
phism αK : K
′⊗A′A ' K ′′⊗A′′A. This defines a flat A•-module K def= (K ′,K ′′, αK).
We have a commutative diagram
0

0

0

0 // ΨK //

K ′ ×K ′′ δK //

K ′′ ⊗A′′ A //

0
0 // ΨF //

F ′ × F ′′ δF //

F ′′ ⊗A′′ A //

0
0 // ΨM //

M ′ ×M ′′ δM //

M ′′ ⊗A′′ A //

0
0 0 0
with exact rows, whose middle and right hand columns are exact. This implies that
the left hand column is also exact. Tensoring this with A′ we get a commutative
diagram
ΨK ⊗B A′ //
ϕ′K

ΨF ⊗B A′ //
ϕ′F

ΨM ⊗B A′ //
ϕ′M

0
0 // K ′ // F ′ // M ′ // 0
with exact rows. Since ϕ′F is easily seen to be an isomorphism, we see that ϕ
′
M
is also surjective. But here M is a arbitrary flat A•-module, so ϕ′K must also
be surjective; and by diagram chasing we get that ϕ′M is an isomorphism. The
argument for ϕ′′M is completely analogous.
Then ϕ′K is also an isomorphism; hence the sequence
0 // ΨK ⊗B A′ // ΨF ⊗B A′ // ΨM ⊗B A′ // 0
is exact. Since F0 = ΨF is free, this means that Tor
A′
1 (ΨM,A
′) = 0. The projection
B → A′ is surjective with nilpotent kernel, since it is obtained by base change from
ρ′′ : A′′ → A; hence by the local criterion of flatness (Theorem C.4) we have that
ΨM is flat over B, and this completes the proof for the categories of flat modules.
For the case of flat algebras, it is sufficient to notice that for any A• algebra M ,
the module ΨM has a natural algebra structure, and that the natural isomorphisms
ΦΨ ' id and ΨΦ ' id defined above preserve the algebra structures. 
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Proof of Proposition 2.35. The fact that the restriction of the functor
Φ: Def(A′)×Def(A) Def(A′′)→ Def(A′ ×A A′′)
to affine schemes is an equivalence follows immediately from Proposition D.1.
Let us extend the definition of the quasi-inverse
Ψ: Def(A′)×Def(A) Def(A′′)→ Def(A′ ×A A′′)
of Φ that we described above to non-necessarily affine schemes. Take an object
(X ′, X ′′, θ) ∈ Def(A′)×Def(A) Def(A′′)
that is, a pair of flat schemesX ′ → SpecA′ andX ′′ → SpecA′′ with an isomorphism
θ : X ′′|SpecA ' X ′|SpecA of the pullbacks to A. We can see this object as the
following diagram
X ′_

X ′′_

X = X ′|SpecA_

66nnnnnn
hhPPPPPP
A′
((QQ
QQQ
QQQ A
′′
vvlll
lll
ll
A
where the morphism X ′|SpecA → X ′′ is the composite of the inverse of θ and of the
closed immersion X ′′|SpecA → X ′′.
We consider then the sheaf of A′×AA′′-algebras OX′×OXOX′′ on the topological
space X. The locally ringed space X˜ = (X,OX′×OXOX′′) is a scheme by the affine
case, and moreover it is flat over A′ ×A A′′, since flatness is a local property. We
set Ψ(X ′, X ′′, θ) def= X˜.
By the universal property of fibered products one can easily see that an arrow
(X ′, X ′′, θ)→ (Y ′, Y ′′, ν) gives a morphism X˜ → Y˜ , and routine verifications show
that Φ and Ψ are quasi-inverse to each other. 
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